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Abstract

This research focuses on the development and analysis of a mathematical model to un-
derstand the transmission dynamics of cholera, a waterborne disease caused by Vibrio
cholera. The model divides the population into five compartments: Susceptible (S),
Symptomatic Infected (Is), Asymptomatic Infected (Ia), Recovered (R), and Contami-

nated Environment (B), considering both human-to-human and environment-to-human

kSBiMp+ededy | kSBaddtearedd
pké(pt1) pké (p+72)

culated to assess whether cholera will spread in the population. It is found that if Ry is

is cal-

transmission routes. The threshold parameter Ry =

less than 1, the disease-free equilibrium point is stable, suggesting that cholera can be
eradicated under these conditions. Stability analysis of both disease-free and endemic
equilibrium points shows that cholera can be controlled when certain conditions, such
as reduced infection rates and environmental contamination, are met. Simulations using
MATLAB’s ODE45 solver confirm the theoretical results, demonstrating that controlling
Ry can effectively manage the disease dynamics. The study identifies key parameters in-
fluencing Ry, including the transmission rates and the impact of therapeutic treatments,
providing valuable insights for intervention strategies. The model is based on a system
of nonlinear ordinary differential equations that describe the dynamics of the disease
in the population. It incorporates therapeutic treatment rates, environmental bacte-
rial concentration, and different infection categories to represent a more realistic cholera
transmission scenario. The research concludes that cholera transmission can be reduced
by controlling the following conditions: Lowering the contact rates between susceptible
individuals and infected individuals (both symptomatic and asymptomatic) significantly
impacts Ry. Controlling environmental contamination from infected individuals is cru-
cial in minimizing disease spread. Effective therapeutic treatments for symptomatic cases
can reduce the spread and severity of the disease. This study provides a comprehensive
framework for understanding the dynamics of cholera and offers actionable insights for

public health strategies aimed at controlling and preventing outbreaks.

Key Words: Cholera, Bacteria Growth, Reproduction Number, Stability, Modeling,

Sensitivity Analysis, Numerical Simulation.



Chapter 1
INTRODUCTION

Cholera, a severe diarrheal disease caused by the bacterium Vibrio cholerae, continues to
pose a significant global health challenge, particularly in regions with poor access to clean
water and sanitation. The World Health Organization (WHO) estimates that cholera
affects 1.3 to 4 million people annually, resulting in 21,000 to 143,000 deaths worldwide.
Cholera outbreaks are most common in areas where safe water, sanitation, and hygiene

services are inadequate, especially in developing countries during humanitarian crises [23].

1.1 Background of the study

Cholera is an example of a bacterial disease whose primary mode of infection is indirect ;
which is caused when individuals ingest fecal-contaminated water containing the bacteria
V. cholera [42].Transmission between humans and reservoirs of pathogens implies that
disease transmission includes an indirect route other than human-to-human contact. The
last few years have witnessed many cholera outbreaks in developing countries, including
India (2007), Congo (2008), Iraq (2008), Zimbabwe (2008-2009), Vietnam (2009), Nigeria
(2010), and Haiti (2010). In the year of 2010 alone, it is estimated that cholera affects 3-5
million people and causes 100,000-130,000 deaths in the world annually [31]. In essence,
Cholera is an infection of the small intestine caused by the gram-negative bacterium,

Vibrio cholera .

Untreated individuals suffer severely from diarrhea and vomiting. The disease can cause
a rapid dehydration and electrolyte imbalance, and can lead to death. Meanwhile, differ-
ent transmission pathways are possible. For example, a cholera outbreak in a Singapore
psychiatric hospital indicated that the direct human-to-human transmission was a driv-
ing force [16]. The dynamics of cholera involve multiple interactions between the human
host, the pathogen, and the environment [31] , which contribute to both direct human-
to-human and indirect environment-to-human transmission pathways. Due to its huge
impact on public health, and social and economic development, cholera has been the
subject of extensive studies in clinical, experimental and theoretical fields. It remains an
important global cause of morbidity and mortality, capable of causing periodic epidemic
disease [32].Typical at-risk areas include peri-urban slums, where basic infrastructure is
not available, as well as camps for internally displaced people or refugees, where minimum

requirements of clean water and sanitation are not met. Outcomes behind the disruption



of water and sanitation systems or the displacement of populations to inadequate and

overcrowded camps can increase the risk of cholera transmission.

Cholera remains a global threat to public health and a key indicator of lack of social de-
velopment. Recently, the reemergence of cholera has been noted in parallel with the ever
increasing size of vulnerable populations living in unsanitary conditions [33] . Education,
which is a key tool in disease control, is often overlooked [I3]. It requires investment
in people rather than in biomedical interventions, but it has the potential to lead to
enormous benefits for relatively low cost. Conversely, a lack of information can have a
severe impact on worsening the spread of the disease. Cholera-specific education includes
advising people with symptoms to seek medical care promptly, and improving sanitation
and hygienic practices [11]. Failures to provide health education can be traced to barri-
ers at one of six sites: to be effective, messages have to(1) reach the intended audience,
(2) gain attention, (3) be correctly understood, (4) be accepted, (5) result in changed
behavior and (6) result in improvement in health [I7]. During the 1994 cholera epidemic
of Guinea-Bissau, health education demonstrated that local preventive rituals, radio and
word-of-mouth communication were effective educational tools [I1]. The firsit scintist
to suggest disinfecting water with chlorine were Louis- Bernard Guyton de Morveau (in
France) and William Cumberland Cruikshank (in England), both around the year 1800,
as it was found that water that has been treated with chlorine is effective in preventing
the spread of Water- borne diseases [35]. However, disinfection by chlorination can be
problematic in some circumstances. Chlorine can react with naturally occurring organic
compounds found in the water supply to produce disinfection by products (DBPs) such
as trihalomethanes and haloacetic acids. Due to the potential carcinogenicity of these
compounds, drinking water regulations across the developed world require regular moni-
toring of the concentration of these compounds in the distribution systems of municipal

water systems.

The World Health Organization (WHO) has stated that risks to health from DBPs are
extremely small in comparison with inadequate disinfection. Understanding the fun-
damental mechanism in the disease transmission is crucial for effective prevention and
intervention strategies against a cholera outbreak. To this effect, mathematical modeling
provides a unique approach to gain basic insights into the dynamics of infectious diseases.
Therefore, by exploring the potential effects of disease control strategies such as water
chlorination, mathematical modeling can predict the dynamics of explosive epidemics
often associated with cholera out breaks. In an effort to gain deeper understanding of
the complex dynamics of cholera, several mathematical models have been published. For
example, Codego in 2001 proposed a model [6] that explicitly accounted for the environ-

mental component, i.e., the V. cholera concentration in the water supply, into a regular



SIR epidemiological model. The incidence (or, the infection force) was modeled by a lo-
gistic function to represent the saturation effect. [44] extended Codego’s work to include
a hyper infectious state of the pathogen, representing the explosive” infectivity of freshly
shed V. cholera, based on the laboratory observations [25]. This model was rigorously
analyzed in [22]. Joh , Wang, Weiss et al. [I§] in 2009Modified Code co’s model by a
threshold pathogen density for infection with a careful discussion on human environment

contact and in-reservoir pathogen dynamics .

More recently , Mukandavire et al. [28] proposed a model to study the 2008-2009 cholera
outbreaks in Zimbabwe. The model explicitly considered both human-to-human and
environment-to-human transmission pathways. The results in this work demonstrated
the importance of the human-to human transmission in cholera epidemics, especially in
such places as Zimbabwe, a landlocked country in the middle of Africa. Moreover, Tien
and Earn [40] in 2010 published a water-borne disease model which also included the dual
transmission pathways, with bilinear incidence rates employed for both the environment-
to-human and human-to human infection routes. No saturation effect was consider Tien
and Earn’s work. A rigorous global stability analysis was conducted in [38] for many of
the aforementioned models. In addition, Neilan et al. [26] in 2010 modified the cholera
model proposed by Hartley, Morris and Smith [I4] and added several control measures
into the model. They consequently analyzed the optimal intervention strategies and con-
ducted numerical simulation based on their model. No human-to-human infection route
is considered in this work.Jing Wang [22] considered three types of control : vaccination,
therapeutic treatment (including hydration therapy, antibiotics, etc.), and water sanita-
tion but he did not incorporate the role of education control strategy in their model, also
they did not consider a logistic growth of vibrio cholera. This seventh cholera pandemic
reached the African continent in 1970 were there were at least 2 independent introduc-
tion of the infection (department of Health 2002).The first one caused out breaks in the
west(sierra leone ,Liberia Nigeria ,and other coastal countries )and the spread of the dis-
ease into the interior of the sub saharan states. The second route is thought to have
originated in the middle East entering Africa from the eastern countries of Djibouti ,
Ethiopia ,and Somalia. Since 1970 parts of Ethiopia have been frequently affected by
cholera ,acting as sources of infection for the dissemination of the 1985-1986 large scale
epidemic in the horn of Africa (maimone et.,1986,coppet al.1995).From 1993 t01999,they
were again system —atically involved as active focuses in the recurrent spreading of the
disease in the region .In spite of the critical role of Ethiopia in the epidemic transmission

of cholera, no scientific investigation have been carried out.

Addis Ababa and dire dawa were obtained from records kept at the regional health Bureau

in the Ethiopia city of Harar. In 1998 they set up a surveillance system to investigate



directly the epidemiological clinical, and micro biological aspects of sever dehydrating
diarrhea disease at the regional Health Bureau in the Ethiopia city of Harrer .other zones
were they survey out breaks of Acute diarrhea when cholera break out in epidemic from

where the Ethiopia states of Somali ,oromiyya , and southern people.

1.2 Statement of the problem

In resource-limited settings, efforts to control and prevent cholera transmission often in-
tensify only during outbreaks. However, the development of vaccine-induced immunity
requires a certain period, during which the population remains vulnerable. In such cases,
mathematical modeling has become an essential tool for predicting the dynamics of epi-
demics and evaluating the effectiveness of various prevention strategies. Mathematical
models provide quantitative insights that can assist in guiding public health policies, such
as estimating direct and indirect contact rates and clarifying critical parameters and vari-
ables involved in disease transmission.In this context, the following research questions are

raised to address the problem through the use of mathematical modeling:

e What conditions enhance the transmission of cholera?
e How can the stability analysis of equilibrium states be demonstrated?

e What are the most sensitive parameters influencing the transmission of the disease?

Previous epidemiological models, such as [37], have provided foundational insights into
disease dynamics by focusing on broad population compartments, typically considering
only susceptible (5), infected (1), recovered (R), and environmental factors like bacterial
load (B). However, these models often treat the infected population as a homogenous
group, with no distinction between symptomatic and asymptomatic cases. This simpli-
fication may limit our understanding of transmission dynamics, particularly in diseases

where asymptomatic carriers play a significant role in disease spread [15].

Additionally, existing models frequently overlook the differentiated contributions of symp-
tomatic and asymptomatic infections to environmental contamination, which may affect
bacterial load dynamics. For instance, in the initial model, bacterial contributions from
the infected population (I) are lumped together, assuming identical contributions from
all infected individuals. This can lead to inaccuracies in predicting disease outbreaks, as
asymptomatic carriers might have a lower or different shedding rate compared to symp-

tomatic individuals.

To address these gaps, the modified model differentiates between symptomatic (1) and
asymptomatic (,) infection compartments, as well as their unique contributions to in-

fection spread and bacterial load. By incorporating separate infection rates (5 for I
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and [, for I,) and bacterial contributions (€;/s and €31,), the modified model provides a

more detailed framework for understanding how different infected subpopulations affect

both direct and environmental transmission. This allows for more accurate predictions

and potentially more effective control strategies, especially in cases where asymptomatic

individuals are significant contributors to transmission.

1.3

Objectives of the Study

1.3.1 General Objective

The general objective of this study is to develop and analyze a mathematical model that

describes the transmission dynamics of cholera :providing insights for better understand-

ing,prevention and control of the disease .

1.3.2 Specific Objectives

This study holds substantial significance in several key areas:

1.

Identify influential or sensitive parameters:

This allows the researcher to prioritize interventions or factors that have the great-
est impact on cholera transmission, such as the transmission rate or recovery rate.
These parameters may represent real-world quantities like infection rates or envi-

ronmental contamination levels.

Determine mechanisms for cholera treatment:

This relates to practical, real-world approaches to reducing the disease’s spread. It
could involve medical treatments like antibiotics or oral rehydration therapy, and

infrastructure improvements like clean water access.

Identify conditions for the existence and stability of disease-free and

endemic equilibrium points:

Disease-free equilibrium (DFE) represents a situation where cholera is no longer
spreading, while endemic equilibrium indicates a persistent, stable presence of the
disease in the population. This helps in assessing the effectiveness of control mea-

sures.

Find conditions that enhance the transmission of cholera:

This could involve identifying factors like poor sanitation, overcrowding, or lack of
treatment, which facilitate higher transmission rates. Understanding these factors

is key to designing preventive strategies.



5. Determine the basic reproduction number (R,) using the next generation

matrix:

Ry represents the average number of secondary cases generated by an infected in-
dividual in a completely susceptible population. If Ry > 1, an epidemic is likely; if
Ry < 1, the disease will die out.

6. Investigate stability analysis of disease-free and endemic equilibrium

points:

Stability analysis ensures that the population will not fluctuate wildly or unpre-
dictably under normal conditions. It helps in understanding whether cholera control

measures are effective in maintaining low transmission rates.

7. Identify the most sensitive parameters:

This provides insights into the specific areas where interventions (like reducing
transmission rates or improving treatment access) will have the greatest impact on

reducing cholera transmission.

1.4 Significance of the study

This study holds substantial significance in several key areas:

By developing a mathematical model that intricately describes the transmission dynam-
ics of cholera, this research provides crucial insights that can inform further investiga-
tions by researchers, facilitating a deeper understanding of the disease’s mechanisms and
spread. The findings from this study can serve as a foundational resource for public
health administrations, enabling them to devise more effective control strategies tailored
to the dynamics of cholera transmission. This is particularly relevant in regions prone to

cholera outbreaks, where timely interventions can save lives.

The study not only formulates a mathematical model but also analyzes its equilibrium
points and stability. This analytical approach allows for a comprehensive interpretation
of the model’s solutions, contributing to the scientific discourse on cholera dynamics.
Through sensitivity analysis, this research identifies the most critical parameters that in-
fluence the spread of cholera. Understanding these parameters is essential for prioritizing

public health interventions and resource allocation effectively.

The recommendations derived from the model’s findings can guide policymakers in im-
plementing evidence-based strategies aimed at cholera prevention and control, ultimately

reducing the incidence and impact of this disease on vulnerable populations.



The study thus not only advances academic knowledge but also has practical implications

for improving public health outcomes related to cholera.

1.5 Organization of the Thesis

The thesis is organized as follows:

e Chapter 1: This chapter contains an introduction to the topic at hand. It out-
lines the background of the study, providing context and rationale for the research.
Additionally, it presents the statement of the problem, clearly defining the issues
that the study aims to address. The chapter also details the objectives of the re-
search, articulating the goals it seeks to achieve. Furthermore, it highlights the
significance of the study, explaining its relevance and potential contributions to the
field. Lastly, the organization of the thesis is outlined, offering a roadmap of the

subsequent chapters and their contents.

e Chapter 2: In this chapter, we examine various studies that employ deterministic
(compartmental) models, which serve as important guides and references for our

work.

e Chapter 3: This chapter presents some epidemiological preliminaries and the

methodology of the study .

e Chapter 4: This chapter outlines and formulates both existing and modified math-
ematical models. It also discusses the underlying assumptions of these models, the
calculation of the reproduction number, and the sensitivity analysis conducted to

assess their reliability including definition on sensitivity analysis.

e Chapter 5: This chapter discusses the mathematical simulation of the model using
ODE45 in MATLAB software.

e Chapter 6: The final chapter presents the concluding observations based on the
work done in the previous chapters. It includes a summary of the overall objectives

of the research study and concludes with an appendix.



Chapter 2
LITRATURE RIVIEW

In 1927, Kermack and Mckendrick [[19]] introduced a prominent compartmental model to
analyze the plague disease in Mumbai and succeeded in revealing its epidemiology. After
that mathematical modeling have been playing a significant role in analyzing the spread

and control of different infectious diseases [[5], [24]].

[7] was one of the first to integrate the environmental component of cholera transmis-
sion into a classical SIR epidemiological model. The model incorporated the concentration
of Vibrio cholera in water supplies and highlighted how the bacterial load could impact
the transmission rate. This model utilized a logistic function to represent the saturation
effect of the pathogen in the environment, helping to understand how the environmental

reservoir of the bacteria contributes to epidemic outbreaks and the spread of cholera.

[29] focused on modeling cholera outbreaks in Zimbabwe by considering both human-
to-human and environment-to-human transmission pathways. Their model emphasized
the importance of human-to-human transmission, especially in landlocked regions with
limited access to clean water and sanitation. The study demonstrated that in settings
like Zimbabwe, reducing the rate of human-to-human transmission could be more critical

in controlling the disease than managing environmental factors alone.

[30] modified existing cholera models by incorporating control measures, including vac-
cination, therapeutic treatments, and sanitation. They analyzed the optimal strategies
for reducing cholera transmission, using numerical simulations to explore how these in-
terventions could be applied during outbreaks. Their study emphasized the potential
of combining multiple control strategies to reduce the impact of cholera, especially in

resource-limited settings where healthcare infrastructure is minimal

[41] proposed a cholera model that included dual transmission pathways—environment-
to-human and human-to-human. They used bilinear incidence rates for both routes but
did not account for the saturation effect of the pathogen in the environment. Their
analysis showed that human-to-human transmission played a significant role in cholera
dynamics, but they noted that the environmental transmission pathway remained essen-

tial in sustaining cholera outbreaks, particularly when hygiene and sanitation conditions



were poor.

[45] extended the work of earlier models by incorporating the hyper-infectious nature of
freshly shed Vibrio cholera in water supplies, which is known to significantly increase the
pathogen’s effectivity. Their model accounted for pathogen density thresholds required
for infection and included the potential for explosive outbreaks. By analyzing these
dynamics, the study contributed to a better understanding of the rapid spread of cholera
in environments with high pathogen loads, thus providing more targeted intervention
strategies.

Mathematical models constructed for epidemic diseases is to study the nonlinear pro-
cess involves in the dynamics of infectious diseases. The mathematical models which is
often constructed in Ordinary and Partial differential equations, and now the concept
of fractional differential equations that generalize these models are considered and are
considered much effective. For example, the Hepatitis E disease modeling in fractional
derivative [31], the use of two variables in modeling the real world problems [12], the new
fractional derivative to epidemic model [16], the piece-wise differential equations and its
applications [32]. To better understand the model related to infectious diseases, it is first
formulated in ordinary differential equations and then it is generalized to form a frac-
tional order system. Among other infectious diseases, the Buruli ulcer (BU) is a disease
that can also be known as necrotizing skin disease, and it is the Mycobacterium ulcer [6]
that cause this infection. In the current situation, the disease has been identified around

the globe in several countries where the high infection includes is the tropical region.

The most frequent occurrence can be found in most West Africans countries including
Ghana, Cote d’'Ivoire, Benin and Cameroon, which made up of about 80% of the entire
global reported cases In each endemic country the disease is commonly found in foci,
which unfortunately affects the people within such environment which usually is highly
impoverished and have serious challenges to access quality medical care within the com-
munities [I3].The only proper way of controlling the BU infection spread, is the disease
early identification and the application of antibiotics, that include the streptomycin and
rifampicin for at least eight weeks [1]. In an advanced situation the lesion may demand
debridement or usually grafting which will help improve the healing process and even-
tually could prevent deformities [10]-[11]. BU is characterized by long duration stay in
hospital which economically brings cost to the patients and the state [I7]. In Ghana, for
instance, around 1200 cases of BU have been identified in the era 1993-1998, by the first
proper surveillance system undertaken in the entire country; and interestingly in the era
2004-2014 more than 9000 cases have been recorded nationwide [13].

The most endemic district is the Amansle West and is found in Ashanti Region of Ghana,



which is highly associated with artisanal mining popularly known as galamsey. Due to
uncovered pit holes in these communities cholera outbreak is very common. The illegal
mining activities create conducive environment for the Mycobacterium ulcer to thrive.
This eventually exposes arsenic into the environment and weakens the immune system
of children whose immune systems are not fully developed [39], and hence they become
susceptible to may diseases commonly among them is cholera due to poor sanitation be-
cause of the level of poverty in the communities. Cholera in modern times was identified

by John Snow in the 19thcentury.

Cholera is very common in Sub-Saharan Africa while the West Africa Guinea is consid-
ered to be the first country that recorded this disease [15]. On the first day of September,
1970, the first case of cholera reported when a Togolese national was diagnosed at the
Kotoka International Airport [16]. There have been five major cholera cases in Ghana and
the worse of them occurred in 2014 with record 243 death (n).The disease is estimated
that each year they affect in the range of 3 to 5 million people, where the particular
cases occurred from Asian and African regions [14]. This cholera infection is associated
with an acute diarrheal caused by infection of the intestine with the bacterium Vibrio
cholera. The nature of the infection can be described as asymptomatic, mild or severe
and nearly 1 in 20 infected people exhibits severe option [25]. The individual with cholera
is characterized by watery diarrhea and vomiting and these individuals lose water and
turn to be dehydrated. When the desired treatment is not given, the effect is devastating

and the individual life is at risk.

In recent times, authors in [38] proposed a cholera model to explore human to human
and environment-to-human transmission pathways and obtained a result that sought to
implicate human-to-human transmission in a country such as Zimbabwe which is a land-
locked country in East Africa. Furthermore, authors in [38] developed a cholera model
and incorporated a dual transmission path ways with bilinear incident cerates on both
human-to-human paths and environmental-to-human infection without taking into ac-
count the saturation effect. In [26] the authors modified model in [28] by adding some
controls measures in to the proposed model which numerically analyzed to determine
the best strategy to minimize the spread of cholera. The authors in [8] proposed to an-
alyze the dual infection dynamics of cholera and malaria by incorporating several time
reproduction controls (Rc) to examine the best strategy to reduce the co-infection of the
diseases. The authors proposed a set of useful combinations of controls to minimize pos-
sibly the infection in both the diseases and its confection. There are some mathematical
models on BU epidemiology that studied this infection. For example, the authors in [39],
considered an SIR structure model and concluded that the spread of BU increases with

the arsenic environments and the biting of the water bugs. In [9], the authors proposed a

10



model that sought to capture the transmission dynamics of BU via two routes: the direct
contact with Mycobacterium ulcer in the environment and the biting by the water bugs

which serves as a reservoir of MU.
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Chapter 3
METHODOLOGY

We used a deterministic compartmental model and the model is formulated by using a
system of non-linear ordinary differential equation, which is well known to describe the
epidemiology of symptomatic and asymptomatic infection diseases. The model sub di-
vides the human population into five compartments depending on the epidemiological
status of individuals. The compartments are susceptible, symptomatic, asymptomatic,
contaminated on water and food and recover . The parameters of the model are incor-
porated using death rate, birth rate, environment-to- human transmission rate, recover
rate, the growth rate of vibrio cholera bacteria in the environment etc. We analyzed the
local stability behavior of equilibrium using the Routh-Hurwitz stability criteria and the
global stability of equilibrium using the Castillo-Chavez theorem . We used the next gen-
eration matrix to determine the basic reproductive number. Mathematical software such
as MATLAB code 45 is used to in order to identify the impact of different parameters on

the dynamics of cholera diseases.

3.1 Differential equations

A differential equation is an equation that involves derivatives of an unknown function.
When the unknown function depends on a single variable, the equation is classified as an

ordinary differential equation (ODE).

3.2 System of Differential Equations (Autonomous

system of ordinary differential equations)

An autonomous n-dimensional system of ordinary differential equation has the form

dz
= f(a(t) (3.1)
.Z'(to) = 2o

where g,z € D C R and f : R” — R", with f continuous at x € D C R".

Definition 3.1 ([[46]]). Well-posedness

An initial value problem (IVP) given in is mathematically said to be well-posed
if the following conditions hold:

i. Its solution exists,

12



ii. Its solution is unique.
iii. Its solution continuously depends on the initial conditions.

Since in epidemiology we are dealing with populations, the following two additional con-

ditions are quite important:
iv. The solution should be non-negative over time,
v. The solution should be bounded.

Theorem 3.1 ([27]). Picard’s theorem

Consider the initial value problem given in (3.1.1). If the function f is continuous and

all its partial derivatives gf_, for i, = 1,2,3,...,n, are continuous for x in some open
J

connected set D C R™, then for zg € D, the problem (3.1.1) has a solution z(¢) on some

time interval (—7,7), 7 > 0, about ¢ = 0, and the solution is unique.

Definition 3.1.2 ([[43]]). Positivity of solution
The solution of a given autonomous system of (3.1.1) is said to be positive if all

trajectories x(t) are positive for any ¢ > 0.

Definition 3.1.3 ([[34]]). Boundedness of solution
The positive solution given in (3.3) of an autonomous system of (3.1)) is said to be

bounded if any solution x(t, to, zo) satisfies

(2, to, zo) || < C(llzoll, to),

for all t > tg, where C': RT x RT — R™ is a constant that depends on t; and z.

Theorem 3.2 ([[21]]).

Let a linear ordinary differential equation be given by

y(r) + p(z)y = q(x). (3.2)

Then, using the integrating factor method, the integrating factor and its general solution
are given, respectively, by
If(z) = el P@)dz. (3.3a)

y(z) = ¢ @) de {C’ + /q(x)ef”m dex} , (3.3b)
where C' is an arbitrary constant of integration.

Theorem 3.4 ([[4]]).
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Let A be a constant matrix. The solution of the system
T =Ax+ f(t),
with initial conditions x(ty) = xo, is given by
t
o(t) = 9006 to)ao + [ 0(t = 5+ t0)0” (1) F(5)d, (3.5)
to

where ¢(t) is

3.3 Equilibrium Point

The equilibrium points or steady states to a system of the first order differential equation

are the points at which the first derives are equal to zero that is for the system

d$1

— = f1(X1, Xq,..., X
dt fl( 15 25 ) k:)
d$2

— = fo( X1, Xo,..., X
dt fQ( 1, 29 ) k)
dl’k

— = fu( X1, Xo,..., X
dt fk‘( 1,22, 3 k’)

Here f1, fa,... fi are distinct functions representing different dynamics for each variable.

fl(X17X27 s 7Xk’)
f2<X17X25 cee 7Xk)
f3<X17X27 S 7Xk)

|-
o o o

fe(X1, Xoy oo, Xg) =0

This equation represents an equilibrium condition, where f; is a function of the state
variables that equals zero at steady state points. Usually the system of equation exhibits

two type of equilibrium points .these are disease free and endemic equilibrium points

([36]).
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3.3.1 Disease free Equilibrium Point (DFE) of the Modified
Model
The disease free equilibrium of the model system is obtained by set

ds dl, dl, dR dB

dt — dt  dt _ dt _ dt
so that Stephen Edwards.

= 0 and in the absence of disease,l, = I, = B =0

3.3.2 Endemic Equilibrium Point of the Model

The endemic equilibrium state is the state where the disease can not totally eradicated

but remains in the population and the nonlinear differential equation equal to zero .

3.4 The basic Reproduction Number, R

The basic reproduction number R, is a threshold parameter defined as the average number
of secondary infections produced by a single infected individual in a completely susceptible
population. It is also the basic reproduction ratio or basic reproductive rate. To calculate
R, , It is important to identify new infections from all other changes in the population

and it can be determined using the method of next generation matrix.

3.5 The next Generation matrix

Next Generation matrix is a method used to drive the basic reproduction number for a
compartment models of the spread of infectious diseases. To compute R, , It is important
to use the next generation matrix theory presented by [20] which consists to finding the
spectra radios (the dominant Eigenvalue) of the next generation matrix. The next gener-
ation matrix is given by Ry = p(K) = P(FV ') where F and V') are transmission and
transition matrix, respectively. In addition, P denotes the spectra radius (The dominant
eigenvalue) of the matrix, FV ! . Here R, is the Eigenvalue of largest magnitude , or

spectra radius of matrix F'V ! where:

e F;(x) be the rate of appearance of new Infection in compartment i

e V;(t) be the rate of transfer of individual in and out of the compartment by another
mean V; = V- — VT .

e V" be the rate of transfer of individuals out of compartments i

e V" be the rate of transfer of individuals in to compartment i.

1
Then By = P(FV1) and FV~" is given by FV-1 = (245 (20t

Based on the value of R, we have the following conclusions:-
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v If Ry < 1, then on the average, an Infected individual produces less than one new
infected individual over the course its infections period, and the infection cannot

be spread.

v If Ry > 1, then each Infected individuals produce on the average, more than one

new infection and the disease can invade the population.

v If Ry = 1, the disease remains the population at the constant rate.

3.6  Stability Analysis of Equilibrium points

Given the autonomous system, a state X* is said to be an equilibrium point of the system
if F(X) = 0 the solution X* is said to be stable if for every € > 0 , there exists a 6 = d(¢)
such that | X* — X0| < = |[X*—X(¢)| < ¢, t > tp € R for every solution X (t) of
with X (¢9) = Xo.

Alternatively, an equilibrium point determines whether solution nearby the equilib-

rium point remains nearby, get closer or get further a ways is known as stability.

An equilibrium point X* is said to be globally as asymptotically stable if it is asymp-
totically stable for all initial condition X, € R , An equilibrium point X* is globally

stable if all trajectories converge to X* i. e lim, ,, f(z) = X*

3.7 Sensitivity analysis

Sensitivity analysis is used to determine the relative importance of model to disease
transmission . We perform the analysis by calculating the sensitivity indices of the basic
reproduction number R, is important to understand how change in various parameter
affects the stability of the model.

3.8 Castillo — Chavez theorem [5]

Assume that the system [3.1] can be rewriting the form

dhy
— =F(hy.h
g~ )
dd_ff:(;(hl,m), where  G(h1,0)

where hy, hy € R™ | hy represents the class of non- infected Individuals and hs represents
the class of infected individuals . Assume that G (hy, 0) = 0 and hg = (h},0) be the
disease free equilibrium point of 3.1}
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If the Following conditions are satisfied.

I. For the system 9 = F(hy, hy) the steady state hl* is globally asymptotically

dt
stable.

IL. G(hy,hy) = Ahy — G(hy, ho) and G(hy, hy) >0

for (hy, hy) € I1 where A is the off diagonal element of A are non — negative and II is the
region of the model makes biological sense. Then the steady statehq = (h},0) is globally
stable for the system provided that basic reproduction number of the model is less than

one.

3.9 ROUTH — Hurwitz criteria [3]

ROUTH- Hurwitz criteria is an important criteria that given necessary and sufficient
condition for all coefficients) to have negative real parts. It is used to determine the
symptomatic and asymptomatic stability of an equilibrium point for non — liner system
of differential equations consider the characteristic equation of degree n, given:

The characteristic equation is:
PA) ="+ N+ a2+ +a,, a; >0

Fori=1,2,3,.......... n . Where the a; coefficients are real constants, we define the

n X n matrix using the coefficients a; of the characteristic polynomial:

le‘al‘
1
Hy=|"

0 a9
aq 1 0 0
as as a; ... 0
as a4 a3 0
0o 0 0 ... 0

Where a; =0 if j > 0 . All the roots of the polynomial P(\) are negative have negative
real part if and only if the determinants of all Hurwitz matrices are positive . That is
det(H;) >0 for all j= 1,2,3,....n.
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For polynomials of degree n= 2,3,4 and 5, the Routh- Hurwitz criteria are summarized

as follows:

n=2: a >0,a0 >0, and (ajaz)>0

n=3: a >0,a3>0 and(ajay > a3)

n=4: a; >0,a3>0,a4>0 and (ajasas > a3+ aiay)
n=5: a; >0,i=1234,5 (a1a0a5 > aj + alas)

and  (ajaq — as) (a1a2a3 — a3 — a§a4) > (a5(a1a2 —az)* + alag)
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Chapter 4
MATHEMATICAL MODEL FORMU-
LATION AND ANALYSIS

In this chapter, we explore a mathematical framework for analyzing the cholera model.
We derive the formula for the basic reproduction number and examine the existence and
stability of both the disease-free equilibrium point and the local endemic equilibrium
point. Additionally, we conduct a sensitivity analysis of the reproduction number to

better understand its implications

4.1 The Existing model formulation [37]

The SIR model is widely recognized as the most prevalent epidemiological framework for
studying infectious diseases. In this context, the SIR-B model serves as a valuable tool
for modeling general epidemics, enabling us to understand disease transmission within
a specific population and explore potential control strategies. To effectively analyze the
dynamics of the SIR-B model, we adopt a logistic approach reminiscent of the Michaelis-
Menten kinetics. The existing work aims to investigate the foundational aspects of the
model by categorizing the total population into four distinct compartments: Susceptible
(S), Infected (I), Recovered (R), and Contaminated (B), which represents water and food
sources in the environment. The SIR-B epidemic model is particularly significant as it
lays the groundwork for further exploration into the Sls-Ia-R-B model. Consequently,
at any given time t, the total population can be comprehensively analyzed through this

structured framework .

e 7 is the recovery rate .
e )\ is natural birth rate .

e The contact rate between the susceptible population with symptomatic infection is

B

e The contact rate between the susceptible population with asymptomatic infection

is BQ .

e The rate that a therapeutic treatment is 7
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e The symptomatic Infected group contributed to the contaminated food and water

is €1

e The asymptomatic infected group contributed to the contaminated food and water

is €
e 4 is natural death rate .

e Concentration of vibrio cholera in food and water that yield 50% chance of catching

cholera disease K.
e The decay rate of vibrio cholera is ¢ .
e The environment-to- human transmission rate is A..

e The human-to -human transmission rate is Bj,.

The following flow diagram figure [4.1] illustrates the structure of the SIR-B model, high-
lighting how various compartments interact and the roles of critical parameters in disease

transmission and recovery.

Vs

HS =, el uR

CB

Figure 4.1: Flow diagram of the existing mathematical model

The Dynamic equation of the initial model

dS B
E_MN_<BQSK——I—B+B}LSI)_MS_US
iI'_ps + BuST — (v + )1

dt  "K+B " T

dR

§:€I—5B—CB

dt
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With initial conditions S(0) > 0, I(0) > 0, B(0) > 0 and R(0) > 0 . Here all

parameter values of the model must be positive .

4.2 The modified Mathematical model formulation

and Analysis

In this thesis, we modified the existing SIR-B model [37] to study the dynamic transmis-
sion of cholera within a population. Our model extends the original SIR-B model by in-
cluding both symptomatic and asymptomatic infections, as well as considering treatment
for symptomatic cases. This modification allows us to analyze the effects of treatment
on the disease’s spread over time. The model divides the population into five compart-
ments based on their epidemiological status: Susceptible (S), Symptomatic Infected (Is),
Asymptomatic Infected (Ia), Recovered (R), and Contaminated Environment (B). This
SIslaR-B model is formulated using a system of differential equations to describe the
transmission dynamics of cholera. It is assumed that the population size in each com-

partment is differentiable with respect to time, and the process is deterministic.

We have incorporated several key factors into the model, including the rate of therapeutic
treatment (71), the recruitment rate (A), the natural death rate (u), the recovery rate
(7), and the contribution of symptomatic and asymptomatic infected individuals to envi-
ronmental contamination (e; and ey, respectively). Additionally, the model accounts for
the decay rate of Vibrio cholerae in the environment (J), human-to-human transmission
rate (By), environment-to-human transmission rate (\.), and the concentration of Vibrio
cholerae in food and water that leads to a 50% chance of infection (/). Furthermore,
the contact rates between susceptible individuals and both symptomatic () and asymp-

tomatic () infected individuals are considered.

This modified model provides a more realistic representation of cholera transmission
dynamics, incorporating treatment strategies and varying levels of infection, making it a

useful tool for understanding and controlling cholera outbreaks.

4.3 The modified Mathematical model assumption

1. The total population at any point of time is constant i.e N=S + I, + I, + R.

2. The population under this study are divided into five compartments and consider

the contaminate food or water.

3. Some of Individual in symptomatic and asymptomatic infected group becomes In-

fections and the remain becomes the recovered group.
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4. The populations are under study is heterogeneous .

5. The natural death rates are the same for all compartments except concentration of

vibrio cholera in the environment.
6. All the parameters of the model are positive.

7. Our modified model is an SI,I,R — B model.

4.4 The Variables and Parameters of the Model

The variables and parameters used in this new model are described in detail in Tables
. These tables provide a comprehensive overview of the essential components that
influence the dynamics of the SIR-B model, facilitating a deeper understanding of disease

transmission and recovery processes.

Table 4.1: The description of the variables in SI,I,R — B mathematical model

Variables | Descriptions

S(t) Susceptible individual at time t

I(t) Symptomatic infected at time t

B(t) Concentration of vibrio cholera in the environment at time t
I,(t) Asymptomatic infected at time t

R(t) Recovered individuals at time t

N(t) Total population at time t

Table 4.2: The description of the parameters in SI,I, R — B model

Parameters | Descriptions

L Natural death rate ,Recruitment rate

il The rate that a therapeutic treatment I

Ty Natural recovery rate

€1 The symptomatic infected group contributed to the contaminated food and water

€ The asymptomatic infected group contributed to the contaminated food and water

(1-p)lI The rate of susceptible individual contact with symptomatic infected becomes symptomatic and asymptomatic infected
1) The decay rate of vibrio cholera bacteria due to sanitary measures

Ae Environment-to-Human transmission rate

plIl The rate of susceptible individual contact with asymptomatic infected becomes symptomatic and asymptomatic infected
K Concentration of vibrio cholera in food and water that yield 50% chance of catching cholera disease

b1 The contact rate between the susceptible population with symptomatic infected

o The contact rate between the susceptible populations with asymptomatic infected
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Figure 4.2: The flow chart representation of the modified model

Let ¢ =(1—p)Iand ¢ =pll
The non-linear differential equations of the modified model

B
e :LLN—H ()\ESK—FB +61[SS+62.TQS> —MS

dl B
= ¢ <)‘GSK + B + ﬂlIsS + B2Ias) - /"L‘[S - Tlls

(4.1)

dl B
_a IS Ia - .[a_ -[a
0t ¢<)\eSK+B+51 S+ B2 S) o To

dB
E = 6115 + 62]a — 0B
dR
o Tils + 1ol, — pR

With in the population S+ I, + 1, + R=N
All state variables remain non-negative all the time because this study based on human

population, therefore the model is restricted is given by :-
S(0)=S,>0,R0)=R, >0, I,0)=1I5>0, I,(0)=1,0>0,B(0)=By >0
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4.5 Well-posedness

Since all the functions on the right hand side of the system (4.1)) are continuously dif-
ferentiable. Thus, the existence and uniqueness of the solutions is established by the
Picard’s theorem (3.1]). Now, we show the positivity and boundedness of solutions.

4.6 Positivity of the solution

In order to show that the general model equations 4.1 are to be epidemiological meaning
full and well passed, it is needed to prove that all the state variables are non-negative Vt

> 0 .This fact has been stated as a theorem and proved in what follows.

Theorem 4.6.1. If the initial conditions {S(0) = S, > 0, R(0) = R, > 0, 14(0) = [,0 >
0,1,(0) = 1,0 > 0, B(0) = By > 0} € G, then the solution (S(t), R(t), Is(t), I.(t), B(t))
of the system of the equation are non- negative ¥t > 0 .

Proof. to show that the positivity of the solution for the dynamical system of the equa-
tions (3.1), we have to consider each differential equation and show that their solution is

positive. From the differential equation of dynamical system (s) we have . O

From the differential equation of the dynamical system [4.1] we have

ﬁ:,uN—H()\eS

dt + 51[58 + BQIQS) — [LS

B
K+ B

B
K+ B + G115 + ﬁg[aS) —uS  since puN is constant

B
= — ( IIA 15,1, + 11551
( eK+B+ 615”_ ﬂ23+ﬂ>s

Separate by variables and integrating both sides gives
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d B
5 > —/ |:7T)\e + 7B, +1B1, + /L:| dt

S = K+ B
ds B
5l > — /g(t)dt, where ¢(t) = 7T/\€K B + 7Bl + 7Bl + 1

InS=—f)t+e, f(t)= /g(t)dt
S(t) > e~ fWt+e

S(t) > e T gen

S(1) > I, g= e

S(t) > qe*f(t)t

Using the initial condition t =0 we have S(0) = q , Which implies that S(t)> e~/
Therefore S(t)> 0Vt >0

From the differential equation of the dynamical system (2) we have

dl
dt

B
=19 (AeSK—jLB + B8 + 52—7a5> —pdg — 111

Z (@0515' —T1 — :u) [s

doesn’t directly involve I

since

B
K+ B
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By rearranging and Integrate both sides of the inequality ;

/ D> [~ -

Inly > (/S —pu—1)t+ o
I(t) > (W15 —p=T1)t+es
[s(t) Z e(\l/ﬂle,ufn)t . eCQ

I, (t) > WB1S—p—T)t ky

- Y

kl = 662
Therefore I,(t) > kyelYArs—n—mt
At t = 0 we have [,(0) = ky

Hence I,(t) > 1,(0) - p(WBLS—p—T1)t

Which implies that I,(t)> 0 Vt > 0.
From the differential equation of the dynamical system (3) We have

dl, B
b= 1 1 — uly, — ol
dt ¢ <>\65K+ B +ﬁl ss+ﬁ2 aS> g Tolg

Z ¢62]as - /jJIa - Tlla

By rearranging and Integrate both sides of the inequality we have :

[z @85 - n-ra

In Ia 2 (¢BQS — U — Tg)t + c3

I, (t) > o(PB2S—p—m2)t+cs

]a(t) > o(@B25—p-—m2)t | e
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[a(t) > €(¢’8257M7T2)t . kg, kg = e

Therefore I,(t) > ke (#P2S—p=m2)t

At t = 0 we have [,(0) = k3

Hence [,(t) > 1,(0) . p(0B2S—p=—m2)t

Which implies that 1,(t) > 0 for V¢ > 0.

From the differential equation of the dynamical system (4) We have

dB
% = €1IS + 62[a — 0B

This can be rewritten as:

dB
— > —0B
dt —

By rearranging, we have:
dB
— > —4dt
B =

Integrating both sides of the inequality:

dB

= s | _
/B _/ odt
1HBZ—5'[Z+04

B(t) > 6—6t+C4

Therefore B(t) > kye %
At t=0 we have B(0 ) =k,
Hence
B(t) > B(0)e™*
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Which implies that ; B(t) >0 V¢ > 0.

From the differential equation of the dynamical system (5)

dR
E = IsTl +]a7—2 —,uR

This can be rewritten as:

AR

S R

a = F
By rearranging, we have:

AR

oS

R — M

Integrating both sides of the inequality:

[
InR>—ut+ Cs
R(t) > e s

R(t) > e (%)

R(t) Z G_Mt(l{?5), k‘5 = 605

Therefore  R(t) > kse
At t=0 we have R(0) = Kj;
Hence R(t) > R(0)e *
Which implies that R(t) >0 Vt>0
All the state variables are positive for all time t. The solutions are therefore non negative
for Vt > 0 and are bounded in the invariant region 2 and thus the model is mathematically

well posed and biologically meaningful in the feasible region 2.

Theorem 4.6.2 (Boundedness). There exists a positively invariant region §2 in which
the solution (S(t), Is(t), 1,(t), R(t)) of the dynamical system is bounded.

Proof. The positivity has already been established by Theorem (4.3). For this model
the total population is

N(t) = S(t) + I,(t) + L,(t) + R(t).

28



Total Population Dynamics Differentiating N (¢) with respect to ¢, we sum the equations

dS dIs dly o dR.

for 7. G Gt R

dN_dS+d[s+dIa+dR
dt  dt  dt At dt’
Substituting the right-hand sides of the equations:

dN
— = uN —pS — pls — ply, — pR.
dt
This simplifies to:
dN
— =uN — uN
a P H

Solving for N(t) The differential equation for N(t) is:

dN

— = (u—p)N =0.
= (=N =0

This is a linear differential equation and its solution is :
N(t) = ¢ where c is constant.
This implies that the total population remains constant:
N(t) = c = N(0).
From the model, the dynamics within each compartment ensure non-negativity (., Is, I,, R >

Boundedness of B(t)

The equation for % is given by :

dB
% = €1]8 + EQIa — 0B.

Since I and I, are bounded (as subsets of N(t)), the input term €, I;+¢€51, is bounded.

By solving the differential equation, we see B(t) approaches a steady state as t — oc:

B(t) < e; max([;) + eo max(1,)
- )

The system defined by (4.1]) is bounded. The solutions remain within a positively

invariant region:

Q= {(S, I,,I,,B,R) € ]Rfr N(t) = ¢ = N(0), B(t) < €1 max([y) —({5— es max(/,) } .

Thus, the total population N(¢) and bacterial load B(t) are both bounded over time.
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4.7 Qualitative analysis of the model

4.7.1 Disease Free Equilibrium Point (DFE)

The disease free equilibrium points are steady state solution of mathematical model in-
dicating that there is no disease. Any epidemiological model has point at which the
population remains in the absence of the disease. The disease free equilibrium points are

found by setting the right hand side of the model equations equal to zero.

Let Ey = (S°, 12,10, B°, R%) represents the disease free equilibrium point of the modified
model SI,I,R— B. Any epidemiological model has point at which the population remains
in the absence of the disease . Hence in the absence of the disease we have Iy, = I, = B =10
. Then the disease equilibrium point £E° can be obtained as :

From the dynamical system of the differential equation |4.1| we have :

as
dt

B
= /LN — (AeSK B + ﬁlfsS + BQICLS) — IMS

B

uN —1I <AQSO 75+ BrI,5° + 521a50> —uS®=0

By Substituting I, = I, = B = 0 we get :

B
I’=0
dl, XeSB
For o ¢<K+B+51[S+BQIS>—,u]a—TQIa—O
ASB « « *
:>¢ (K+B +/81]SS+5QIGS) —[L]a —Tg]a =0
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= PPl S — pl; — ol =0

e [ (@BS — =) =0

I =0
dB
For rr =11y + 61, — OB
0
— B"=—=0
—0
— B*"=0
dR
For s =7nls+1ml, — uR

= Iy + I, — pR* =0
— —uR* =0

— R =0
Thus ,the disease free equilibrium point of the system (Ep) is given by

Ey = (S°, 10,17, B, R°) = (N,0,0,0,0)

) TS Ta

4.7.2 The Basic Reproduction number (R))

The basic reproduction number Ry is a threshold parameter defined as the average number
of secondary infections produced by a single infected individual in a completely suscep-
tible population . it is very important parameter , which helps to determine whether

the disease spread in the population or it dies out . To calculate Ry ,it is important to
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identify new infections from all other changes in the population and it can be determined
using the method of next generation matrix . The next generation matrix is given by
: Ry = P(K) = P(FV~!') Where F and V™! are transmission and transition matrices,
respectively .In addition, P denotes the spectra radius (dominate’ Eigenvalue) of the

matrix, P(FV 1) .
Here Ry is the eigenvalue of largest magnitude or spectra radius of matrix P(FV 1) .

Where

e fi(z) be the rate of appearance of new infection in compartment i .

e V;(t) be the rate of transfer of individuals in and out of the compartment by another
means . Vi(t) = v;(t)” — v;(¢)"

e v;(t)” be the rate of transfer of individuals out of compartment i
e v;(t)" be the rate of transfer of individuals in to compartment i

To calculate F and V' |, we will only consider the infected groups I, , I, and B as they
alone are capable of transmitting the disease .

From the dynamical system 4.1| we have :

dl B
dt 77Z} (AeSK + B + Bllss + BQIaS) - MIS - Tl-[S

dl, B
1 1 —uly, — 1
dt (b()‘eSK_i_B"i_ﬁl sS+52aS) Wi, Tidqg

dB
E = 61]5 + GQIa — 0B

From the given system, new infections are generated in I, I,, and B through contact
with B, I, and [,.
For I, and 1,:

B
Fl = lb ()\GSK + B +/81[SS+/BQIGS)

B
F2 = Qb ()\eSK+ B + /81]SS+/BQIQS>

For B, new bacteria are generated from I, and I,: F5 =0

For Iy: Vi = (u+ 1)l
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For I,: Vo = (u+ 1)1,

For B: Va3 =0B
We now construct the matrices F' and V' and then compute the next-generation matrix
K=FV-
The new infections matrix F' captures the rates at which new infections are introduced

into the system from each of the infected compartments.

r I oF R  OR Bixd oA Ay
1 s oI, 0l, OB m o nK

_ _ _|om am aR | _ | 812 éB2A A
F=|FR|=|L|= 8, 08I, OB 1 1 ukK
F; B Ofy OFy  Of 0 0 0

ols  0l, OB

The transition matrix V describes how individuals or bacteria transition out of the

infected compartments.

ovh oVi  oVi

al, ol, OB ptT 0 0
— |9V Vo OV | _
V= ol, ol, OB 0 p+m 0
Vs OVz OV _ _
ol, ol, OB €1 €& 0

W+ 7 0 0
V = 0 w472 0
—€1 —€ 0
To find Ry, we compute the dominant eigenvalue (spectral radius) of the next-generation
matrix K = FV L
Solution

First find the cofactor, then adj A:

0
Ay = (-1 T =0 (u+T72)
—€9 )
0 O
A12 — (_1)1+2 -0
—€1 5
43| 0 pt+ T
A3 =(-1) =1 (p+ 1)
—€1 —&9
0 0
A21 — (_1)2+1 =0
—&9 )
0
Agy = (—1)**? wrn =0 (pu+m)
—&1 )
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=
+
oy
o

A32 _ (_1)3+2 =0

w7 0

Aax = (=1 3+3
5 ( ) 0 /Jj+7'2

= (u+7)(p+ 72)

S+ 12) 0 e1(p + 72)
CoFA = 0 S(pu+ 1) a(p 4 71)
0 0 (4 1)(+ 12)

(5(M+T2) 0
Hence adj A = 0 o(p+m)

ei(p+71) elp+7) (p+7)(p+72)
Next find det V' =7

n+ 7 0 0

Vi=| 0 pu+7m 0= (@+7m)(u+mn)d
—&1 —E&9 )
Since matrix V is lower triangular, then after V=1 = %ﬁv‘/;
. I+ 1) 0 0
Vvl = 0 S(pu+7 0
(it (w70 4 )
ei(p+m) elp+m) (p+m)(n+7)
1
H+T1 0 O
-1 1
V= = 0 =, 0
£1 £92 1
o(ptm)  O(ptT2) 6

Then we compute the product of both matrix F and V1. After some computation it

gives

BiAy  BaAy  NeAy 1 0 0
% Iz pk ptT1
K = Fv—l — dB1A PPB2 A AeAo 0 1 O
H M pk H+T2
£1 £9 1
0 0 01l i 5
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B1AY 4 A AeAy B2 Ay + e2XeA AeAyp

wlptr) & o(ptr)pk  p(ptre)  pkdé(ptT2)  opk
PB1A 4+ A AeAd $B2A 4 €2 Aerd AeAo

wlptr) © pko(p+r)  p(utre) o pkdé(ptr2)  Opk

0 0 0

The basic reproduction number is the eigenvalue of largest magnitude, i.e., the spectral
radius of the next generation matrix, and we compute the eigenvalues of the next gener-
ation matrix F'V~! by finding the values of A\ which satisfy the characteristic equation of

the matrix, namely those values of A for which

det(FV™' = XI) =0

Where A and I are eigenvalues and identity matrix respectively.

B1AY edeAY Y Bo A €2 AY AcAY
wlptr) © S(ptr)pK wlptr2) ' pkd(p+T2) duk
-1 _ _ #B1A 1 XA $B2A 2Xehd AeAo | _
det(FV )\[) w(ptTr) - phkd(p+T1) w(pt72) + phkd(p+72) A duk 0
0 0 —A
$B2A + e AcAo
plptr2)  pkd(p+r2) duk
B1AY + e1deAy _ >\ _ BaAyp + €2 AY
p(p+T1) O (p+T1)pk p(ptT2) pkd(p+T2)
0 —-A
PB1A + €1)eA@ AeAgp
n(p+71) pkd(p+71)  Ouk A A¢ B1AP €1 XA dB2A e2Xe A Y
277 | plptm) o pkd(ptmi)  plptT2) o pkd(pdT2) -0
ok 0 0

0 -

multiplying both sides by negative sign we get :

)\3 _ 51A¢/\2 _ 61)\€A'Lp)\2 _ QﬁﬁgA/\Q _ 62)\€A(b)\2 _
plp+m)  pkd(p+7)  plp+7)  pkd(p+72)
Simplified form after dividing both sides by A%:

5 Sl adeAyp 9BA edeph 0
plp+m)  pkd(p+m)  plp+m)  phkd(p+ )
Now solving for As:
\ L1 e e OB\ eaAep A 0
2 —_ —_— p—

plpt+m)  pké(p+m)  plp+m)  pkd(p+ )
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Rearranging for \s:

prAY e1 ey PP A ea\epA
p(p+m)  pké(p+m)  plp+m)  pko(p+ 1)

Ao =
Finally, the basic reproduction number R is:

Ry = p(FV 1) = max(\, \g)

A A A A
Ry = maz (07 b1 (0 + er1AeA + ¢52 I €2 \eP )

plp+m)  pkd(p+mn)  plp+m)  pkd(p+ 72)

Sy e1AeAy PP A e2AepA

R —
") o pks(ut ) oplptTa) | pkd(p A+ T2)

C ROBIAY + e heAY  k6BaAd + exheAd

R
Y pko(p+ ) pko (1 + 7)

4.7.3 Endemic Equilibrium Point

In this sub-section, we consider a situation in which all the disease states coexist in
the equilibrium. We denote ( E* = S* I} I, B*, R* ) as the endemic equilibrium of
the system The disease persists in the population called endemic equilibrium point
(EEP). Endemic equilibrium points are steady state solutions where the disease cannot
be totally eradicated remains but remains in the population. Unlike the disease free
equilibrium, an endemic equilibrium point (EEP) is a steady state in which at least one
of its coordinates in the infected compartment is non-zero. An endemic equilibrium point
exists if and only if it can be obtained by setting each differential equation of the system
equals to zero. An endemic equilibrium point exists if and only if Ry > 1 it can be

obtained by setting each differential equation of the system equal to zero.
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B
K+ B

AN —TI <Aes
zp(A [ ——

0] (/\eSK

+B

From equation [£.3], we get

g _ Tl + pl;

+51[ S+ Bal, S>

+ ﬁlISS + ﬁ2[a51> - /’LS =0

Tlf =0

+ ﬂllsS + ﬁg[a5> — /Lla — Tle = 0

61-[5 + EQIa - 5B — 0
Tils + 1ol — uR =10

A B*
where m =

1/} (K+B

From equation [4.5}
[*

s

Expression for §*:

+ il + Bol)

K + B*

OB — ol
=

) ()

(G (m+61 (M> —|-521*>

For the expressions based on equation (4.4}

Initial expression for S*:

*

ol +ply

o (m+ Bl + o)

0B*—eoI¥ .
€1 :

Substitute 7 =

St =

rol* + pl?

é <m+ﬁ (u) +621*)

Final expression for S*:

St =9"

T1 (63* — 62[5) -+ % (53* — 6215)

1 (ol + ply)

Y (mey + B1 (0B* — e21}) + €15217)

T10B* — mead) + udB* — pesl;

¢ (mey + By (0B* — a1¥) + €1 521})

517’2[; + SLU[;

Yymey + P B10B* — YBieall + e fal
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Where ag, a1, and as:
ag — T1(SB* + ,uéB*

a; = ¢m€1 + \1151(53*
as = pmey + ¢P16B”
Then the modified equation using ag, a1, and as becomes:

ag — I (mex + pes) I ey +e1p)

a1 — Ix(Uiey — veifBa)  ax — [3(9Prea — d213:)

(a0 — I (a3)) (a2 — I, (as)) = I;(as) (a1 — I;(ac))

Where as, a4, as, and ag:

ag = T1€z + €2
as = ¢P1ea — Pe1 B
a5 = €1Ty + €114

ag = VYPrea — e Po
2

* * *\2 * *
apay — apagl) — asasl) + asays(1))* = arasl; — asag(I))

(a3a4 + (15&6)(12)2 — (a0a4 + o203 + a1(15)[; + agag = 0

apay + asas + ajas \/(CLOG4 + asaz + a1a5)2 — 4 (agaq + asag) (apas)

2 (CL36L4 + CL5CL6)

C++C?—4ED

I =
“ 2D

Where C, D, and E are:

C = apay + asas + aqas
D = asas + asag
E = agpas
Substitute equation 4.4] in to

I 0B* — el
€1
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20 B* (a3a4 + CL5(16) — &9 (CLQ(I4 + asas + ajas + \/(a0a4 + asasz + a1a5)2 — 4a0a2(a3a4 + a5a6))
ID =

2¢e1(azay + asag)

Where C = apay + asas + aqas
D= asay + asae
E= apas

;o 20B'D ¢ (C++C?>—4ED)
° 2e,D

substitute equation [4.3] and [£.4] in to

7'1[2< —{—7’2[;

R =
o
R — 27’15B*D — T1€QC + T1E9V C? —-4FED + 7'2810 + T2E1V C? —4ED
N 2M€1D
Substitute equation [.3] and [£.4] in to
AN

St =

(m + BiI; + Bol} + p)m

2AN€1D
(2e1Dm + By (20B*D — &5 (C £ /C? —AED)) + ey (C £ V/C? —4ED) + 2ue D)

*

4.8 Stability Analysis of Equilibrium Point

4.8.1 Local Stability of the Disease Free Equilibrium Point

In this section we investigate the local stability of the DFE. local stability is concerned
with the behavior of the model solution near an equilibrium point. Mathematically the
stability of equilibrium can be analyzed using the linearized system at the equilibrium
or in other words the Jacobean matrix of first derivative of the right hand side of the

differential equation of system [3.1] .

Theorem 4.8.1. For a disease transmission model , the disease free equilibrium
point E, is locally asymptotically stable if Ry < 1 but unstable if Ry > 1.
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Proof: It is enough to show that disease free equilibrium point of our system is stable
if and only if trace and determinant of Jacobean matrix at (Ey) are negative and positive

respectively. Our Jacobean matrix evaluated at disease free equilibrium point is given
by:

roF, OF, OF OF  OF ]
oS Ol ol, 0B OR
oS Ol ol OB OR

_ OF- OF: OF: OF- OF:
J(Eo) = |58 5 o2 95 9n
oFy OFy 0F OF O
oS Ol ol 0B OR
OFs OF; OF; 0JFs OFs
L OS Ol ol OB OR 4

B —mBiA —mfB A —mAeA ]

K 7 7 uK 0
0 /31;#/\ _ (7.1 + ,U) 52;#1\ Bizﬁg\e 0
E) =0 | omer me iy o o | =0
0 €1 €9 ) 0
| 0 Ti T2 0 — ]

This Jacobian matrix can be written as :

0 AR (7 4pu)—A faud fae 0
0 fiod PO () — A e 0 |=0
0 €1 €2 —0—A 0
0 Tl To 0 —p—A
—p— A —K; — K — K 0
0 WK — K4 — A e e 0
0 oK, 0Ky — K5 — N ¢0K3 0 =0
0 €1 €9 —0— A 0
0 5! Ty 0 —i— A
where K, = T8 g, JTEA e MAAN e Kt
7 @ pls
Ky — Ky — A — YKo —Y K
Hence (—p—\) —0K, —¢Ky — K5 — N —¢K3| =0
€1 €2 —0—A
—pKy1 — Ky — A — K — K3
(==X (=p—A) —¢kK; —¢Ky — K5 — A —¢K3| =0
€1 €9 —0— A
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—9K1  —¢Ks
€1 -0 — A

—0Ky — K5 — A —¢Kj3

(=1 = A)(=p = A) (~U K1 = Ky = A) 0 5

+@/)K2‘

—0K1 —¢Ky; — A

€1 €2

WK =0

Hence, A\ 2 = —p < 0.
The parameter value p is positive. From the above equation, we conclude that the

eigenvalues A o are real, distinct, and negative.

~YP K1 Kod K1 Ko A= K1 K50~ Ki N~ Ky Kzeo— Ko K10~ Ko Ky A=Ky K50 — Ky \?

— K3 Kyey — QI30N — pIoN? — K5dX — X3 — 0K 36\ + WK1 K6 + I Ko\

+YpKoKsey + VoK1 Kseg — Yo Ky Ksep — Y Kzei A =0

N+ (K — 0Ky — KN + (—d K1 Ky — KoKy — K6 — K50 — ¢9Kes

+1/1¢K1Kz—1/1K3€1))\+(_¢¢K1K25—¢K1K55—¢¢K1K3€2—¢K2K45—K4K55—¢K3K462

+pp K1 K0 + Vo Ko Kser + VoK1 Kzeo — VKo Kze1) =0

_)\3_(le +¢K2+K4))\2—(¢¢K1K2+¢K2K4+¢K25+K55+¢K362—¢¢K1K2+¢K361))\

— (VoK1 K3 + VK1 K56 + VoK Kseo + Ko K40 + Ky K50 + ¢ K3 K €0
+p Ko Kzer — oK1 K20 — oK Kgey — K 1 Kzeg) =0

Consider the characteristic equation:

N+ (WK + Ko+ K )N+ (0o Ky Ko+ ¢ Ko Ky + ¢ Kod + K50+ ¢ Ko — o K Ko+ Kzep) A

+ (YK K0+ K K56+ K Ksea+ 9 Ko K46+ Ky K50+ K3 Kyea+p 9 Ko K361 — 0o K K0

_¢¢K2K351 - ¢¢K1K362) =0
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Consider the polynomial:

PK)= A"+ A" P+ ap\" 2+ - +ay

where a; > 0 and the coefficients a; are real constants for . = 1,2,..., k.

The k Hurwitz matrices, defined using the coefficients a; of the characteristic polyno-
mial, are given by the following structure .

1. First Hurwitz matrix H;:
H1 = [al]

2. Second Hurwitz matrix Hs:

3. Third Hurwitz matrix Hs:

aq 1 0
Hs = as as a
0 0 as

For polynomial of degree K=2, 3 4 and 5 the Routh ~Hurwith criteria are summarized
as :

For K = 2:
a1 >0, ay>0, and ajay >0

For K = 3:
a; >0, a3>0, and ajas > a3

By Routh-Hurwitz criteria for order polynomial leads to n= 3 ; the coefficient of the
characteristics polynomial p()) are

a; =Yk + oKy + Ky

as = YOIKG1 Ky + ¢ko Ky + ¢ K20 + K50 + 9 Kseo + YV Ksey — Yo K1 Ky

az = POK1 K90 + VK1 K50 + ok Kseg + ¢kal40 + Ky K50 + 9 K3 K €9
+YPKoKser — VoK1 K0 — oK Kser — oK Ksey

Using the characteristics polynomial representation the matrix is given by

H, = [al], det(Hl) =a; >0
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1
Hy = [al ] , det(Hy) =ajay >0 ifa; >0andas >0
5]

ay 1 0
Hs = las as ai|, det(Hs)= (a1as —a3z)>0 ifa;>0,i=1,2,3and ajay > as
0 0 as

By Routh ~Hurtwize criteria the determinant of Hurtwith matrix (Hs) becomes positive

if the following conditions hold true

ap > O, Ao > O, as > O, ai1ao > as
a; > 0, ¢k1+§b/€2+k4>0

as >0,  Yokiky + pkaks + ¢k + k56 + pkses + Ykser — Ypkiky > 0
az >0, Vokikad + Yk ks + Yok ksea + phokad + kaksd + dkskyer
+ppkokser — Vokikad — Yokokser — Ppkiksea > 0

All the roots of polynomial equation are negative or have negative real part for a; , as
and a3 holds and similar using the same procedure aias > az. We can deduced from this
if Ry < 1 the disease free equilibrium stability of the model is stable ,where as if Ry > 1
it is unstable and then from the parameters of our model Ry < 1. when all condition for
ai , as and a3 holds and similar using the same procedure ajas > az. Thus , the disease

free equilibrium point E° = <ATN, 0,0,0, O) is locally asymptotically stable.

4.8.2 Global Stability of the Disease free Equilibrium Point(DFE)

To investigate the global stability of the disease free equilibrium point EO, local stability
is concerned with the behavior of the model solution near an equilibrium point , while the
global stability can describe solution behavior in the whole domain that is in the region
from the system . We will use castilo- chavez theorem to prove the global stability of the

disease free equilibrium point (DFE).

Theorem 4.8.2. The DFFE of the model equation 15 globally asymptotically stable
if Rg <1 but unstable if Ry > 1 .

Proof: To establish the global stability of the DFE, the two condition for the global
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stability of DFE as in [2], for Ry < 1 is used for the equations of model system in the
following way .

If Ry < 1,then the following conditions (1) and (2) below must be satisfied to guar-
antee globally asymptotically stable.

1. For % = F(h1,0) , globally asymptotically stable.

A

2. For dhy — G(hl,hQ) G(hl,hg) = Ahy — G(hl, hg) >0€e .

dt

Where h; = (S,R) € R*? represents the class of non-infected individuals and hy =
(I, 1,, B) € R represents the class of infected individuals.

The equilibrium state is :
AN
E0 = (—,0,0, 0,0)
1

From the model system

AN —1I B I 7.S) —
% = F(hy, hy) = ()‘eSKJrB + BulS + B as) S
dt 7—1]5 + TQIa - ,uR
¢ ()‘eSKL_;_B + Bllss + BQIaS) - ,UIS - 7-115
dho 5
T G(hi,he) = | ¢ ()\eSK—JrB + 8115 + 521a5') — ply, — 11,

€1IS + 62]a — 0B

1. To show Ej is globally asymptotically stable for the system % = F(h,0) .

% = F(hlvo)

‘é—f = AN — S by using separation method we can get
—t

S(t) = ATN — % , as t approaches to oo

_AN
S(t) = =0

ij—}f = —uR by using separation method we can obtain
R(t) = e " | as t approaches to oo

R(t) approaches to 0

Hence
(S(1). R(0),0} = {%V,o,c)} _ By

Therefore Ej is globally asymptotically stable.
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~

2. We want to show that G(hy, he) = Ahy — G(hy,he) > 0 € Q. ;where A is a metzler
matrix ( whose off diagonal elements are non negatives ) , € is a region where the

model makes biological sense .

oI, 08I, O8I, « PAe Sk
e ol. ol. OB YBS H—T1 B2 S* (K+B)?
—_ o 6 a 8 a a a — * /\eS*
A - ah (EO?O) - 6§S a_iz QLB - ¢/BIS* ¢BQS — U — T2 (?;—&-B)Z
2 9B 9B 0B 5
8I, 0l, OB €1 €2 -

~

G(hl, hg) = Ahg — G(hl, hg) which is

~

G(hl, h2) — Ahg — G(hl, hg)

¢615* —H—T1 ¢628* (1[/?:;;2 Is
= ¢B15* GB2S* — p— Ty (}@ﬁ;z I,
€1 €9 -0 B

[ (AS725 + B1LS + Pl S) — ply — 71|
- ¢ (/\eSKLiB + BIIsS + /62-[(15) - /vbla - 7-2Ia

L 61]3+€21a—5B
[YpEASO w)\eS()]

_ | (K+B)?2 (K+B)
HK N S° dAe SO

L (K+B)? ~ (K+B)

i 1/1>\eSO K -1
(K+B) \ (K+B)

~

G(h17 h’2) -
¢)\GSO ( K _ 1>
| (K+B) \ (K+B)
YA SO
B ( K 1) (K+B)
(K + B) (25)\550
(K+B)

If (L — 1) >0, implies that B <0

(K+B)
PAeS°
) (K-+B)
Then G (hy, he) = (ﬁ — 1) >0 which implies that condition 2 holds true .
A SY
(K+B)

Therefore , by Castillo — chavez theorem the disease free equilibrium point of the system

is globally asymptotically stable for Ry < 1 .
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4.8.3 Local Stability Analysis of Endemic Equilibrium Eoints(EEP)

We analyze the stability of the disease present —Endemic equilibrium point by linearizing
the system of differential equations to get the Jacobian matrix . The Jacobian matrix is
computing each equation of system with respect to the state variables with respect
to the state variables . The local stability of is determined by considering the sign of
the eignvalues of the Jacobian matrix system and finally , we will use routh- Hurwith
stability criteria , which is used to determined asymptotic stability of equilibrium point

for a non — linear system of ordinary differential equations .

Theorem 4.8.3. The positive Endemic equilibrium point of system[{.1] is locally asymp-
totically stable if Ry 4 1, otherwise unstable .

Proof stability of E* of the model system is determined based on the signs of the
eigenvalue of the Jacobian matrix . The Jacobian matrix of system around the

endemic equilibrium is given by

[ OF, o OF OF} OF1 T

oS ol ol 0B OR
OFy OFy OFy OFy OFy

oS 0l Olq oB OR
J(E*) = OF;  OF; 0F3 0JFy  OFy

a8 ol ol, 0B OR
OFy OFy 0F, 0OF; OFy

89S 98I, ol, 0B OR

OF; 0Fs 0Fs 0F; 0OFs
L 0S ol Ol 0B OR A

—W()\e% + Bl 4 Bol*) — —nmS* —nmS* 0
J(E) = V(Aeqrigs + bul* + oI*)  ¢YBS* —1 —p YBS* 0
O Aeqgs + BrI* + BoI”) pBS* ¢6BS* — 1 —p 0

0 0 0 — 1

Where a = W(/\e% + B1I* + Bol*) — p, b =nnBS*, ¢ = nnBS*, d = —n(fgf—gz)z.

After some computation, the characteristic polynomial of the Jacobian matrix at J(E*)

is given by
—a —b —c —d 0
e f g h 0
JEY)Y=|1 J K L0
0 €1 €9 ) 0
0 T1 T2 0 iy
Where €:¢(Ae%+5lf*+ﬁ2[*)7 f=vBS —1 - M, g=1vBS*, h= _(Igfgip
BS* GOK S
= I I"),J = ¢BS* K = e [ = 2
A= O g T Bal), = OBS' K = g —m L= e
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The characteristic polynomial of the Jacobian matrix at E* is given by |J(E*) — AI| =0,

where [ is the Identity matrix and A is the eigenvalue of the Jacobian matrix.

—a—A —=b —c —d
e f—2A g h 0
J(E*) = 1 J K-\ L0 =0
0 €1 €9 —0— A 0
0 T Ty 0 —i— A

Therefore , we have to show all the eigenvalues of the Jacobean matrix at E* are negative
. The fifth column contain only the diagonal term , which form the one eigenvalue . i.e
—(r+A) =0, A= —pu . The other four eigenvalues can be obtained form the sub —

matrix of J(Ex*) by excluding the fifth column and row the new sub- matrix becomes:

—a—A —b —c —d
e f—A g h _0
I J K-\ L
0 €1 €9 —0—A
f—A g h e g h e f—A h
(—a—XN)| J K-\ L |+b]] K-\ L —c|l J L

€1 €9 -0 — A 0 €9 —0— A 0 €1 —0— A

e f—A g
+d|I J K-\=0
0 €1 €9
K-\ L K-\ L J L
<—a—A>(<f—A> i} _5_A>+b<<e> . _5_A>—c<<e>q _5_A>
+d (e): Kﬁ”):

(=a=2) ((f = M)k = A) (=0 = A) = Lea)+b ((e)(k = A)(=0 = A) — Lez)—c((e)(J (=0 — A) — Ley)

+d((e)(Jez — (K — A))) = 0
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After some simplification, we have the following characteristics equation :

PA) = A+ a1\ + aa\* + azh + a4

AeB*
Where a=mn (K—i— T + Bl +/82[;) — i,
b=mnp5%,
c = 7357,
d— —TAKS*
- (K +B*)?

/\eB* * *
=V (K+B* Al +ﬁ2]“)’
f=Vp5" — 71— p,

g =185,

 YAKS”

- (K +B*)?

)\eB* * *

“K1B + Ol + Ba1y,
J = o557,
K = ¢p15" — 1 — p,

_ QAeKS”

- (K + B2’

Therefore a; =a+0—k — f,
ay = ad + fk+eh+be+CI—ak —af —kd — Leg — f6 — gJ,
as = afk + fLey + Jesh 4 bed + bgl + ceJ + ¢l + 21 h
+degy +dley + fkd — akd — aley — afd — agJ
—gJo — gley — agih — e1kh — bek — bleyJh — cf 1,
ay = afkd + afLey 4+ akhey + bgld + ceJd + ceLey
+deJeg + dgley — agJd — agley — aJhey
— bekd — beLey — bJoIheg — bl Lhe1ey — cf10
— ?flhey — dekey — df I<,.

All the roots of the polynomial p(A = 0) are negative or have negative real parts if
and only if the determinants of all Hurwitz matrices are positive . i.e.det(H;) for all

j=1,2,3,4 . for the above characteristics polynomial , the Hurwitz matrices can be con-
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structed using the coefficients a; , i=1,2,3,4 and its determinant is computed as follow:-

aq 0
Hy = , det(Hy) = ajay >0 if a; >0 and ag > 0.
1 (25)
aq 0 0
H3 =11 Qo 0 N det(H;;) = aiasas > a%.
0 1 as
a 0 0 O
1 0 O
Hy = @ , det(H4) = ((116LQCL3(I4 — ag) > 0.
0 1 as 0
0 0 1 ay

Ifa; >0, i=1,2,3,4, and (ajasa3) > alas + a3.

ap=a+06—(k+f),

AeB*
alZW(K+B*+51];+52];) —p+ 66— (S — T — p+B/ST =T — ),

AeB*
ap = <m +B1[; +5QI;> +0— ((bﬁls* — T+ PGS — 11 — u) > 0,

\eB*
K+ B*

if and only if 7 ( + G 1} —I—BQI;) +0 > ¢G5S — 1o+ Y1ST — T — p.

Therefore a; > 0 .

as =ad+ fk+eh+be+CI—ak —af —kd— Leg — fo — gJ,

ag =ad + fk+eh+be+ CI — (ak+af + kd + Leg + fo+ gJ)
AeB*
ag = (7T (Kj—B* +51]:+52I;> _M>5+(¢515*—7’1—M) (@B1S™ — 1o — ) +
AeK S*
+—(¢ ‘ 261
(K + B¥)

#nns") (0 (g + T+l ) )+

+nas') (0 (70 + AL+ ) -
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(7 (F55 + itz ) =) 081" = ra = )| +

(7 (F55 it ) = ) (@5 =1 = )] +

AeK S*
(¢B1S™ —To — ) 0 + %624‘

(VB1S™ — 11— 1) 6 + (YB2S™) (¢P1S*) > 0

If and only if

AeB*
(71' <K—|—B* +51]:+52[;) —M) 5+

+(UB1S" — 11— ) (pB1S™ — 12 — ) +
(UAeK S*)

T iV Y
(K+B 2"

+ (7B1S7) (\If (KAiB;* + B+ 621;:)) 1

+n57) (0 (205 + T+ ) )

*

A\.B* A\.B
-2 I’ I'+2
> W(K+B*+ﬁls+ﬁga+ u—i—w(K T
(@P2S™ — o + 1S — 1) +

(S — 1) + LPAKET)

+ (¥5257) (95157) -

+ Bl + 52[*) ,U)

o+ (VG S™ — 1) — 20+

There fore ay > 0

as =afkfLes + bek + bgl + cel + cJ& + c*loh + deey + dley + fkO
—akd — alLesafg — agJ — gLey — ag1h — e kh — bek — bleoh — cfl
as =afkfLes + bek + bgl + cels + c*loh + deey + dles fko
— (aké + LesafgagJ + gLey + e1hdh + bekbleshe fl).

a3 =T (>\€ =i + Bl +ﬁ2IZ) — X (PBS* =1 — p) (P ST — T2 — 1)

K + B*
. PAe K S™ o [ VAKS*
+ (/ST =11 — ) ((Ki—B*)Z> g2 + (¢B1S™) (m) €9

*

+ (75157) (l/} (ABK—? i + Bl + /32];) 5)

20



*

K + B*

+«m%¢xw@53(¢<xz +BJ§+&E))

*

+w@9j@(&KfB{h&K+&Q>w&?0

*

+ (1525 (6 (A

eK+ B* +ﬁlls +B21a) 5)

. B g (PAES
s (0 (Nege g+ uli + ) (e s ) 1)
A K S* *
(erm) (Pt +ot i) )
A K S* B*
(‘(2 + B*>2) ¥ (Aem ol ﬁﬂé‘) )

*

+ (WBS™ =11 — ) (@B1S* — Ty —p)d > 7 <)‘e + Bl + 523{) — W

K + B*

X (pP1S™ — 1 — p)o

B*
A I I7) —
+7T(€K+B*+ﬁ1s+ﬁga) o

[ OAKS
(K+B7?)°
NS
s 8K+B* ls+ 24, 1%
X (YB1S* — 71— p)d

B*
+7T()\€K+B* +61[§+B2[5) — K

X (3257)(9p1S”)
+ (¥B287)(¢p157)d

A K S*
+ (¥ B257) ((Z_I_B*)Q) €1

B*
. ]* * _
+W(AK+Bk+&S+@Q) p

YA S*
- (<K+B*>2) .
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(GBS =7 — ) (%) .,

*

+ (m615") (w <Ae e B 5212> (655" = 72 - u))

B A K S*
#105°) (0 (Mg + I+ Bl ) (05) (o ) o)

*

+ (7f2S™)(WB1S™ — 11 — p) (¢ (/\e + Bl + 5212))

K + B*

Thereforeas > 0

ay =afkd + afLey + akhey + bgld + ceJd + ceLey + deJey + dgles — agJd — agLle; — aJhea—
bekd — beLey — bJ6Ihey — bl Lheres — cfI16 — ¢? fIhey — deke; — dfIes

ay =afkd + afLes + akhey + bgld + ceJd + ceLey + deJes + dgles > agLle + aJhey + bekd+
beLey + bJ6Thes + bI Lhees + cf15 + 2 fIhey + dekey + df Leq

Therefore, ay > 0
Thus,

a; >0, ay >0,a3 >0, a4 >0, ajay > 0, and ajas > as (*)

Similarly,

ayazas — a3 — atay if and only if ajaqsas > a3 + atay (**)

Hence, by the Routh—Hurwitz criteria, all roots are real, distinct, and negative. Therefore,
the endemic equilibrium point E* of the model is locally asymptotically stable if (*

and **) are satisfied other wise unstable .

4.8.4  Sensitivity analysis of Ry with respect to model parame-
ters

We compute numerical sensitivity indices to enable us to single out parameters that have
a high impact on reproduction number and which should to target by intervention strate-
gies. That means it is used to determine the sensitivity parameters of model that take
different values and to change in the structure of the model. Sensitivity analysis studies
the variation of the out puts of a model caused by variations in the input. Sensitivity

analysis tells the researcher which parameters deserve the most numerical attention .The
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sensitivity of these parameters is determined by computing the partial derivatives of Ry
with respect to each parameter any time. Given the explicit formula for Ry we can easily
derive an analytical expression for the sensitivity of Ry with respect to each parameter
that comprises Ry . In order to study the effect of these parameters on Ry us performed
a sensitivity analysis on Ry with respect to these parameters. The normalized sensitivity

index S, is defined as:

8R0 T

T = = X 5=

ox Ro
Where x is the parameter of interest, the large the magnitude of the sensitivity index
leads to more sensitivity Ry with respect to those parameters . [9]. First, we start with

the analysis of the absolute change. We recall that the basic reproduction number Ry is

given by

R — kéﬁlAw + 61)\6)\¢ k’dﬁgA(b + 62)\6A¢

O kot ) pkd (11 +72)
If x = 51
ORy _ [ ( Ak ) A
Sy == X—=|—7"—| xX=—>0
A 8ﬁ1 RO ,LL]C(S(/L + 7'1) RO
Apko Brpdk(p + 71)
. (uké(u + n)) kOB AY

Thus to decrease the number of secondary infection Ry one can decrease the parameter

P1.(since the basic reproduction number Ry decreases as (5 decreases).
If X:BQ

5, = ORo @_( ) ) 5,

T x = X —>0
0B Ry pké (= 72)

R
2 \ ko (i + ) k6 BaAo

Thus to decrease the number of secondary infection Ry one can decrease the parameter

=1>0

Bs.(since the basic reproduction number Ry decreases as 35 decreases).Moreover

Ba—0
This implies that we can reach the state of no secondary infection if the contact rate
between the susceptible populations with asymptomatic infected (3, significantly decreases

up to zero .

If x=A
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S

B % « A B (ﬁl¢k5+52¢k5 €2\ > NEELI
- O\ Ro N uké(u—l—ﬁ) /Jk‘é(/i—i‘Tg) R()

Thus to decrease the number of secondary infection Ry one can decrease the parameter

A.(since the basic reproduction number Ry decreases as A decreases).Moreover

lim Ry = 0.
A—0

If x=m

<0

S % T2 _ (ﬁgA¢k6+€2A>\e> T2

o R\ wkd(utn)? )" R
Thus 75 is inversely proportional to Ry .Hence to decrease the number of secondary
infection Ry one can increase the rate of therapeutic treatment .
Ifx=MA\

Sy, =

OBy Do (e 2
¢ 3)\6 RO n ,LL]{?(S

+ X — >0
(1 +71) uk5(u+72)) Ry
Thus to decrease the number of secondary infection Ry one can decrease the parameter

Ae-(since the basic reproduction number Ry decreases as A, decreases).Moreover

Ae—0
This implies that we can reach the state of no secondary infection if the contact rate
between the susceptible populations with asymptomatic infected A, significantly decreases

up to zero .

Ifx=0¢

s, ORy ¢ ( Ba kS ) ¢

99 Ry \pkdé(p+m)/ Ro
Thus to decrease the number of secondary infection Ry one can decrease the parameter

¢.(since the basic reproduction number Ry decreases as ¢ decreases).Moreover
lim Ry =0
»—0

This implies that we can reach the state of no secondary infection if the contact rate
between the susceptible populations with asymptomatic infected ¢ significantly decreases
up to zero .

Ifx =1
>0

S¢ (9R0 w (BlAk(S‘i‘ 61)\6) % w

= — X — = _— B —
dy Ry ko (g + 1) Ry
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Thus to decrease the number of secondary infection Ry one can decrease the parameter

.(since the basic reproduction number Ry decreases as ¢ decreases).Moreover
PY—0

This implies that we can reach the state of no secondary infection if the contact rate
between the susceptible populations with asymptomatic infected ¢ significantly decreases
up to zero .

Ifxz=k%

Sk = 0

OR, « ko (51A¢5+€1)\e¢ 52A¢5+€2A)\e) k <
ok Ro Mé(,& + 7'1) Md(ﬂ + 7'2) RO
Thus K is inversely proportional to Ry .Hence to decrease the number of secondary
infection Ry one can increase the rate of K .

Ifx=96

Ss = <0

ORy & (&Awk ek | fohok + ezAAek> L
96 Ro pk(p+ 71) pk(p+ 72) Ry

Thus ¢ is inversely proportional to Ry .Hence to decrease the number of secondary
infection Ry one can increase the rate of the decay rate of vibrio cholera ¢ .

Ifxr=¢
ORy € At ) €1
Sqy=——X—=(———]x=—2>0
661 RO (Mk‘6(ﬂ + 7'1) RO

Thus to decrease the number of secondary infection Ry one can decrease the parameter

€1.(since the basic reproduction number Ry decreases as €; decreases).

aRO €9 < A)\e ) €2
Su=S0x 22 )2y
862 R() ,uk5(,u + 7'2) RO

Thus to decrease the number of secondary infection Ry one can decrease the parameter

If x =€

€9.(since the basic reproduction number R, decreases as €, decreases).
If 1

<0

ORy 7 (51A?/)k5 + 61)\e¢) T1
Sp= o X = — X
871 RO uké(,u + 7'1)2 RO

<0

¢ __ (ﬁlwkﬂemew) T
e ,uké(,u—}-ﬁ)2 R()

Thus 7y is inversely proportional to Ry .Hence to decrease the number of secondary

infection Ry one can increase the rate of therapeutic treatment .
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The following table presents the sensitivity indeces of the basic reproduction number

Ry ,in relation to various parameters used in the epidemological model .

Table 4.3: The sensitivity indices of Ry with respect to the parameters.

Parameter | Sensitivity index
k -0.39
4] -0.39
I3 0.34
A 1
(0 0.57
€1 0.23
Ae 0.37
1 -1.03
T -0.55
Ba 0.27
0] 0.43
€9 0.16
To -0.42

Sensitivity Indices of Ro with respect to Parameter:
1

05t

Sensitivity Index

15— :
lkk 4§ 8, A ¥ g A, p T By 0 & T
Parameters

Figure 4.3: The sensitivity indices of Ry with respect to the parameters.

The bar graph in the figure [£.3] illustrates sensitivity indices of the reproduction number

Ry , in relation to various parameters within our epidemiological model .

Parameters with positive sensitivity indices contribute positively to Ry, meaning that an
increase in these parameters leads to an increase in Ry. Notably, A\.,®» and 1 has the
highest positive sensitivity index, indicating it has the strongest impact on increasing R,.

Other parameters, such as 3, €1,02 and €, also have positive sensitivity but to a lesser
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extent.

Parameters with negative sensitivity indices contribute negatively to Ry, meaning an in-
crease in these parameters leads to a decrease in Ry. The parameter 7; shows a strong
negative sensitivity, suggesting it has the most substantial impact on decreasing R,.
Other parameters, such as § , 7, and k also have negative sensitivity values, but their
impact is less pronounced. Parameters with strong positive or negative sensitivity indices

could be targeted for controlling Rj.

In general , this figure highlights which parameters are most influential on Ry and thus

provides insights for prioritizing control measures based on their sensitivity indices.
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Chapter 5
NUMERICAL SIMULATION AND
RESULTS

5.1 Numerical simulations of the system

In this section, we use the numerical simulation to show the dynamic behavior of our
model. The numerical simulations of the model system [£.1 were carried out to graphically
illustrate with help of the ODE45 MATLAB tool. The sources of these parameters are

mainly from parameter estimation using assumptions and literature.

5.2 Parameter Estimations

The sources of these parameters are mainly from parameter estimation using assumptions

and literature.

Table 5.1: Parameter values and sources.

Parameter | Value | Source
L 0.01 | Assumed
75 0.7 Assumed
Ty 0.15 | Assumed
€1 0.0001 [31]
€2 0.02 [31]

0 0.107 | Assumed
o) 0.04 | Assumed
(" 0.033 | Assumed
A 0.4 Assumed
Ae 0.06 | Assumed
b1 0.06 | Assumed
5o 0.02 | Assumed
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5.3 Numerical simulation Results and Discussion

Population
[
o
=

Susceptibles
——— Symplomalic
Cholera virus
Asymptomatic
Recovered

Infected | ]
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30

40 50 60
time[Days]

70 B0

Figure 5.1: Trajectories of state variables for Ry=0.11

From figure ( [5.1)) with Ry = 0.11 we observe that for the basic reproduction number

Ry <1 , all solutions curve goes to the disease free equilibrium point. As a result, the

disease dies out. In Figure |5.1f with Ry <1 and different initial conditions for the state

variables, all trajectories of state variables goes to their components of the disease free

equilibrium point. This indicate that the disease-free equilibrium point is locally and

globally asymptotically stable for the values of Ry < 1 .
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Asymplomatic Infected |

10

20

30

40 50 60
time[Days]

70 B0

Figure 5.2: Trajectories of state variables for Ry=1.34

In Figure ( we tried to show the possible dynamics of cholera disease and we can

see from the graph that at Ry > 1 ,the infected classes of the populations are at increase.

This means that there is need for reduction of the value of the basic reproduction number

to a value less than unity.
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Figure 5.3: The effect of §; on I

From figure , as (1 increases, the transmission rate from symptomatic individuals
increases, which leads to a higher number of symptomatic infectious individuals over time.
This results in faster spread of the disease and a larger outbreak. By simulating different
values of (3, , we can observe the direct relationship between the rate of transmission from
symptomatic individuals and the progression of an outbreak, allowing for better-informed

control strategies.
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Figure 5.4: The effect of 5 on S

Figure [5.4] shows that (3, , the contact rate from symptomatic individuals, has a signif-
icant impact on the size and speed of reduction of the susceptible population. As [
increases, the number of susceptible individuals decreases more rapidly, leading to faster
transmission and a larger potential outbreak. In contrast, when (; is small, the disease

spreads more slowly, and a larger portion of the population remains susceptible over time.
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Figure 5.5: The effect of ¢; on B

The simulation shows that e; has a significant effect on the pathogen concentration in
the environment. As €; increases, the environmental contamination becomes more se-
vere, which amplifies the risk of infection for the susceptible population. These findings
highlight the importance of controlling environmental contamination from symptomatic
individuals to reduce the spread of cholera .

Effect of T, on (Is]
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Figure 5.6: The effect of 71 on I

The simulation of different values of 7 on the population of symptomatic infectious
individuals ( 77 ) provides insight into how treatment and recovery rates influence the
dynamics of cholera outbreaks. Faster recovery (higher 7, ) leads to a quicker reduction in
the symptomatic population, potentially controlling the outbreak more effectively. On the
other hand, slower recovery (lower 71 ) prolongs the presence of symptomatic individuals,
increasing the chances of further disease spread. This underscores the importance of

rapid treatment in mitigating cholera outbreaks.
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Figure 5.7: The effect of 5, on I,

The simulation of different values of 75 on the population of asymptomatic infectious
individuals ( 72 ) provides insight into how the recovery rate of asymptomatic individuals
influences the dynamics of cholera transmission. Faster recovery (higher 75 ) leads to
a quicker reduction in the asymptomatic population, limiting the duration of the out-
break and the contribution to environmental contamination. Slower recovery (lower 7 )
prolongs the presence of asymptomatic individuals, increasing the potential for further
disease spread. This underscores the importance of addressing asymptomatic carriers in

public health interventions aimed at controlling cholera.
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Chapter 6
CONCLUSION AND RECOMMEN-
DATION

6.1 Conclusion

This study has developed a mathematical model to describe the transmission dynamics of
cholera, providing a valuable tool for understanding the disease’s behavior and potential
control mechanisms. Through the analysis of the model’s equilibrium points and stability,
we have identified the key factors that influence the spread of cholera within a population.
The model successfully captures the nonlinear interactions between susceptible, infected,

and recovered individuals, as well as the environmental reservoir of the cholera pathogen.

By employing sensitivity analysis, we have pinpointed critical parameters—such as the
rate that a therapeutic treatment of symptomatic infected class ,rate that a therapeutic
treatment of asymptomatic infected class( recovery rates) and environmental contamina-
tion decay rate—that have the most significant impact on cholera transmission. These
findings contribute to a better understanding of cholera outbreaks and offer a framework

for predicting the disease’s spread under different conditions.

6.2 Recommendations

1. Targeted Public Health Interventions: Public health authorities should pri-
oritize interventions in regions where cholera transmission rates are highest. This
includes improving water sanitation systems, ensuring access to clean drinking wa-

ter, and promoting hygiene practices.

2. Environmental Control Measures: Reducing the environmental contamination
rate is crucial to controlling cholera. Investment in infrastructure that improves
waste disposal and prevents contamination of water sources should be a key focus

for governments and public health organizations.

3. Resource Allocation Based on Sensitivity Analysis: The model highlights
specific parameters that significantly affect the spread of cholera. Resource alloca-
tion should be focused on addressing these parameters, ensuring that public health

interventions target the most critical areas.
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4. Further Research: The current model can be expanded to include additional
factors such as climate variations, population mobility, and genetic variations in
pathogens. Future research should aim to refine the model and incorporate real-

world data to improve its predictive power and applicability in diverse settings.

By following these recommendations, public health authorities can better manage cholera

outbreaks, reduce transmission, and improve health outcomes in vulnerable populations.

6.3 Limitations of the study

1. Parameter Estimation and Sensitivity: The model contains several param-
eters (A, IL, A, By, B2, ¥, &, 11, T1, To, €1, €2, 0), which may be challenging to estimate
accurately. High sensitivity to these parameters can lead to significant variations

in model predictions, affecting reliability.

2. Inclusion of Only One Pathogen: The model appears to focus on a single
pathogen or bacterial agent. In real-world conditions, multiple pathogens may

interact, influencing the transmission dynamics and outcomes of infections.

3. No Consideration of Immune Memory or Waning Immunity: The model
does not include immune memory or the potential for immunity to wane over time,

which can impact the dynamics of recovery and reinfection.

6.4 Future Work

This research effort holds promising potential to pave new pathways for addressing real-
world challenges and supporting decision-making processes. The thesis encompasses a

wide range of possible future applications, some of which are outlined below:

1. Parametrization and Data Integration: Future work could involve collecting

empirical data for robust parametrization and validation.

2. Multi-Pathogen Interactions: Extending the model to incorporate multiple
pathogens and interactions between them (such as co-infections) may reflect more
realistic scenarios, particularly in settings with high infection rates from multiple

sources.

3. Immunity Dynamics: Extending the model to include waning immunity, immune
boosting upon exposure, or vaccination effects would improve its applicability in

real-world settings where immunity is dynamic.
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Appendix

MATLAB CODES

% Definition of the system of ODEs

function dydt = Alex16(™, y, lambda,

lambda_e, Pi, beta_1, beta_2, mu, psi,

phi, tau_1, tau_2, epsilon_1, epsilon_2, delta, K, N)

end

S = y(1); % Susceptible individuals

I_s = y(2); % Symptomatic infected individuals
I_a = y(3); % Asymptomatic infected individuals
B = y(4); % Bacteria concentration

R = y(5); % Recovered individuals

% Definition of the equations

dS_dt = lambda * N - Pi * (lambda_e * S * B / (K + B) + ...
beta_l * I_s * S + beta_2 * I_a * S) - mu * S;

dI_s_dt = psi * (lambda_e * S * B/ (K + B) + ...

beta_l * I_s * S + beta_2 * I_a * S) - mu * I_s - tau_1 * I_s;
dI_a_dt = phi * (lambda_e * S *x B / (K + B) +...

beta_l * I_s * S + beta_2 * I_a * S) - mu * I_a - tau_2 * I_a;
dB_dt = epsilon_1 * I_s + epsilon_2 *x I_a - delta * B;

dR_dt = tau_1 * I_s + tau_2 * I_a - mu * R;

dydt = [dS_dt; dI_s_dt; dI_a_dt; dB_dt; dR_dt];

Yoo ToTo oo oo ToTo o o o ToTo
Yoo To o 6o oo To oo o foTo oo o o

%Save it as Alex16DFEP

% Parameters
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lambda = 0.99;
lambda_e = 0.75;

Pi = 0.0001;
beta_1 = 0.00001;
beta_2 = 0.00005;
mu = 0.2;

psi = 0.6;

phi = 0.05;

tau_1 = 0.5;
tau_2 = 0.3;

epsilon_1 = 0.1;
epsilon_2 = 0.05;
delta = 0.2;

K = 50;

N = 2000;

P=1;

% Calculate numerator of R_O

numerator = lambda * (mu * beta_l * psi * K * delta + beta_l * psi * K
lambda_e * psi * epsilon_1 * tau_2 + mu * lambda_e * psi *
mu * phi * beta_2 * K * delta + mu * phi * beta_2 * tau_2 *

lambda_e * phi * epsilon_2 * beta_2 + tau_1l * delta * epsil

% Calculate denominator of R_O

denominator = mu * K * delta * (mu”2 + mu * tau_2 + mu * tau_1l + tau_1

tsp=[0,150];
Y_0=[1000 200 200 200 400 1];
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fprintf(’Value of parameter RO is %.5f’, numerator / denominator)

[T,Y]=ode45(@(t,y)Alex16(t,y,lambda, lambda_e, Pi, beta_l, beta_2, mu,
plot(T,Y(:,1) ,T,Y(:,2),’c’,T,Y(:,3),T,Y(:,4),T,Y(:,5),’g’,’LineWidth’,
% plot(T,Y(:,1),T,Y(:,2),’¢c’,T,Y(:,3),T,Y(:,4),’LineWidth’,2.5)
legend(’S’,’I_s’,’I_a’,’B’,’R’)

xlabel(’time in days’)

ylabel (’Population size’)

title (’All Population with R_0 =0.02 ’);

Yoo 1o To oo 1o To 6o o

Yo 1oTo To oo oo To o Jo o o o o
%h  EEP %%

% Parameters
lambda = 0.99;
lambda_e = 0.05;
Pi = 0.0001;
beta_1 = 0.0001;
beta_2 0.05;

mu = 0.1;

psi = 0.6;

phi = 0.25;

tau_1 = 0.005;
tau_2 = 0.0003;
epsilon_1 = 0.001;
epsilon_2 = 0.05;

delta = 0.03;
K = 80;
N = 2000;
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%P=1;

% Calculate numerator of R_O

numerator = lambda * (mu * beta_l * psi * K * delta + beta_l * psi * K
lambda_e * psi * epsilon_1 * tau_2 + mu * lambda_e * psi *
mu * phi * beta_2 * K * delta + mu * phi * beta_2 * tau_2 %

lambda_e * phi * epsilon_2 * beta_2 + tau_l * delta * epsil

% Calculate denominator of R_O

denominator = mu * K * delta * (mu™2 + mu * tau_2 + mu * tau_1 + tau_1

tsp=[0,100];
Y_0=[1000 200 200 200 400 1];

fprintf (’Value of parameter RO is 7%.5f’, numerator / denominator)

[T,Y]=ode45(@(t,y)Alex16(t,y,lambda, lambda_e, Pi, beta_1, beta_2, mu,
plot(T,Y(:,1) ,T,Y(:,2),’c’,T,Y(:,3),T,Y(:,4),T,Y(:,5),’g’,’LineWidth’,
% plot(T,Y(:,1),T,Y(:,2),’¢c’,T,¥(:,3),T,Y(:,4),’LineWidth’,2.5)
legend(’S’,’I_s’,’I_a’,’B’,’R’)

xlabel(’time in days’)

ylabel (’Population size’)

title (’All Population with R_O =1.19 ’);

Yoo oo o oo
function effect_of_betal_on_Is
% Define parameter values

lambda = 0.01;
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N = 1000;
lambda_e = 0.05;
beta_2 = 0.01;
mu = 0.1;

psi = 0.5;
tau_1 = 0.21;
tau_2 = 0.2;

1 = 0.05;
2 =0.03;
0.

1; % Decay rate of environmental pathogen

epsilon

epsilon_
delta =

K = 100; ation constant

% Initial conditions

SO = 0; % Initial number of susceptible individuals

I_sO = 10; % Initial number of symptomatic infectious individuals
I_a0 = 10; % Initial number of asymptomatic infectious individuals
BO = 10; % Initial pathogen concentration in environment

RO = 10; % Initial number of recovered individuals

% Time span for the simulation

tspan = [0 70];

% Initial state vector
yO = [SO, I_sO, I_a0, BO, ROJ;

% Values of beta_l to test
beta_1_values = [0.01, 0.02, 0.05, 0.1]; % Different beta_1 values

% Set up plot

figure;

hold on;
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% Loop over different beta_1 values
for i = 1:length(beta_1_values)

beta_1 = beta_1_values(i); % Current value of beta_l1

% Solve the system using ode45b
[t, y] = ode45(@(t, y) systemODE(t, y, lambda, N, lambda_e, bet

% Plot I_s class over time
plot(t, y(:,2), ’DisplayName’, [’\beta_1l = ’, num2str(beta_1)])

end

% Customize plot

xlabel (’Time’);

ylabel(’Symptomatic Infectious Population (I_s)’);
title(’Effect of \beta_l on Symptomatic Infectious Class’);
legend show;

hold off;

end

Yoo To oo oo o o To oo o To 6

Yoo ToTo 1o oo o o To oo o To 6

function effect_of_betal_on_susceptible
% Define parameter values
lambda = 0.01;
N = 1000;
lambda_e = 0.0000005;
beta_2 = 0.00001;
mu = 0.3;
psi = 0.5;
phi = 1 - psi;
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tau_
tau_
epsi
epsi
delt
K =

1 =0.
2 =0.
lon_1
lon_2
a =0.
100;

1;
2,

1;

0.05;
0.03;

% Decay rate of environmental pathogen

% Initial conditions

S0 =
I_s0
I_a0
BO =
RO =

100;
= 10;
= 10;
10;
10;

h
hh
h
h
h

Initial
Initial
Initial
Initial

Initial

number of susceptible individuals

number of symptomatic infectious individuals
number of asymptomatic infectious individuals
pathogen concentration in environment

number of recovered individuals

% Time span for the simulation

tspan = [0 50];

% Initial state
yo = [SO, I_sO,

vector
I_ao,

BO, ROJ];

% Values of beta_l to test
beta_1_values = [0.01, 0.02, 0.05, 0.1]; % Different beta_1l values

% Set up plot

figu
hold

re;

on;

% Loop over different beta_1 values

for

i = 1:1length(beta_1_values)

beta_1l = beta_1_values(i); % Current value of beta_1
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%y Solve the system using ode45
[t, vl

= ode45(@(t, y) systemODE(t, y, lambda, N, lambda_e, bet

% Plot susceptible class over time

plot(t, y(:,1), ’DisplayName’, [’\beta_1l = ’, num2str(beta_1)])

end

% Customize plot

xlabel (’Time’);

ylabel (’Susceptible Population (S)’);
title(’Effect of \beta_l1 on Susceptible Class’);

legend show;
hold off;

end

Yoo To o oo o ToTo o o o ToTo 1o o o o To
Yoo ToTo o 1o s ToToo o o JoTo o o o Jo To

function effect_of_beta2_on_Is

%, Define parameter values

lambda

0

N = 1000;

lambda_e

.01;

0.05;

beta_1 = 0.02;

mu = 0.1,
0.

psi =
phi =
tau_1

tau_2

epsilo

1

n

epsilon_

5;

0.
0.
1
2

psi;
21;

0.05;
0.03;
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delta = 0.1; % Decay rate of environmental pathogen
K = 100;

% Initial conditions

SO = 20; % Initial number of susceptible individuals

I_sO = 20; % Initial number of symptomatic infectious individuals
I_a0 = 20; % Initial number of asymptomatic infectious individuals
BO = 10; % Initial pathogen concentration in environment

RO = 20; % Initial number of recovered individuals

% Time span for the simulation

tspan = [0 50];

% Initial state vector
y0 = [SO, I_sO, I_a0, BO, ROJ;

% Values of beta_2 to test
beta_2_values = [0.005, 0.01, 0.02, 0.04]; % Different beta_2 value

% Set up plot

figure;

hold on;

% Loop over different beta_2 values
for i = 1:length(beta_2_values)

beta_2 = beta_2_values(i); % Current value of beta_2

% Solve the system using ode4b
[t, y] = ode45(@(t, y) systemODE(t, y, lambda, N, lambda_e, bet

% Plot I_s class over time
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plot(t, y(:,2), ’DisplayName’, [’\beta_2 = ’, num2str(beta_2)])

end

% Customize plot

xlabel (’Time’);

ylabel (’Symptomatic Infectious Population (I_s)’);
title(’Effect of \beta_2 on Symptomatic Infectious Class’);
legend show;

hold off;

end

Yoo oo oo oo 1o o o oo o o o 1o o o oo To o o o o o oo To oo o o o oo To o
Yoo To o oo o To o oo o ToTo o o o JoTo o o o o To o o o o To o o o o To T o o o
function effect_of_beta2_on_susceptible

% parameter values

lambda = 0.01;

N = 1000;

lambda_e = 0.05;

beta_1 = 0.02;

mu = 0.01;

psi = 0.5;

phi = 1 - psi;

tau_1l = 0.

tau_2 = 0.

epsilon_1 = 0.05;
epsilon_2
delta = O.
K = 100;
% Initial conditions
S0 = 20;

I_sO = 10;
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I_a0 = 10;
BO = 10;
RO = 10;

% Time span for the simulation

tspan = [0 40] ;

% Initial state vector

yO0 = [SO, I_sO, I_a0, BO, RO];

% Values of beta_2 to test
beta_2_values = [0.005, 0.01, 0.02, 0.04];

% Set up plot
figure;

hold on;

% Loop over different beta_2 values
for i = 1:length(beta_2_values)

beta_2 = beta_2_values(i); % Current value of beta_2

% Solve the system using ode4b
[t, y] = oded45(@(t, y) systemODE(t, y, lambda, N, lambda_e, bet

% Plot susceptible class over time
plot(t, y(:,1), ’DisplayName’, [’\beta_2 = ’, num2str(beta_2)])

end
% Customize plot

xlabel (’Time’);
ylabel (’Susceptible Population (S)’);

80



title(’Effect of \beta_2 on Susceptible Class’);

legend show;

hold off;

end

Yoo To 1o oo o ToTo oo o ToTo o o o o To o o o o To o

Yoo To o6 To o To 1o o o o ToTo o o o ToTo o o o o

function effect_of_epsilonl_on_B

% Define parameter values

= 1000; lambda_e = 0.05;

% Natural death rate

% Decay rate of environmental pathogen

lambda = 0.01; N
beta_1 = 0.02;
beta_2 = 0.01;

mu = 0.01;

psi = 0.5;

phi = 1 - psi;

tau_1 = 0.1;

tau_2 = 0.2;
epsilon_2 = 0.03;
delta = 0.1;

K = 100;

% Initial conditions
SO = 700; % Initial
I_sO = 50; % Initial
I_a0 = 20; % Initial
BO = 10; % Initial
RO = 20; % Initial

number of susceptible individuals

number of symptomatic infectious individuals
number of asymptomatic infectious individuals
pathogen concentration in environment

number of recovered individuals

% Time span for the simulation
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tspan = [0 180];

% Initial state vector
y0 = [SO, I_sO, I_a0, BO, ROJ;

% Values of epsilon_1 to test

epsilon_1_values = [0.02, 0.05, 0.1, 0.2]; % Different epsilon_1 va

% Set up plot
figure;

hold on;

% Loop over different epsilon_1 values
for i = 1:1length(epsilon_1_values)

epsilon_1 = epsilon_1_values(i); % Current value of epsilon_1

% Solve the system using ode45b
[t, y] = ode45(@(t, y) systemODE(t, y, lambda, N, lambda_e, bet

% Plot B class over time
plot(t, y(:,4), ’DisplayName’, [’\epsilon_1 = ’, num2str(epsilo

end

% Customize plot

xlabel (’Time’);

ylabel (’Environmental Concentration (B)’);
title(’Effect of \epsilon_1 on (B)’);
legend show;

hold off;

end
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